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INntroduction

This book has been written for students and teachers taking the Mathematical Studies SL course of the
International Baccalaureate®. The syllabus is divided into seven topics and the book follows this structure,

with each topic divided into chapters within that theme. The syllabus is designed to emphasise the practical
mathematics that will enable students to continue to use their learning at university, in training courses, or when
working, and the book encourages this. Explanations, worked examples and exercises are all firmly rooted in
ideas that might be met in the course of normal experience.

As this book will be used by students from widely differing mathematical backgrounds, we have included fast
forward and rewind indicators that mean it is not necessary to follow the order of the book exactly as it has been
written; teachers will be able to integrate appropriate sections of the book with their own schemes of work:

The rewind indicators will refer the reader back to another section in the book if any prerequisite
information is required to complete a section.

The fast forward indicators inform the reader where topics will be covered in more detail later in
the book.

The concepts in Topic 6, Mathematical models, have been extended throughout the text. Problem solving is a
vital skill, and confidence with this is achieved by students who realise that they can approach solutions from
different perspectives. Worked examples aim to show that there might be several ways to find an answer: through
drawing diagrams, working from first principles, through algebra or the use of technology.

It is important to understand that the Graphical Display Calculator (GDC) is fundamental to the course, and is
allowed not only in both examinations, but also when students are working on their project. Where appropriate,
all examples requiring the use of the GDC are illustrated by screen shots, and if students need additional support,
the GDC chapter at the end of the book gives more detailed instruction of how to use their GDC. The calculators
used in the writing of this book are the Casio fx-9750G11 and the Texas TI-84 Plus Silver Edition. While many
students might find they need to use slightly different key strokes from those that are given, the examples are
close to those in the authors’ experience of the many different versions of GDC that students have shown them.

. How to use this book

Book structure

Each topic begins with an introduction that emphasises the place of that topic within mathematical history,
practical experience, or with some information about internationally recognised mathematical people. It also lists
any prior knowledge that is required, and any previous chapter that needs to be completed before this topic is
started.

Each chapter of the book follows a pattern designed to be helpful to students from different national educational
programmes, and familiar with different mathematical traditions. Like the topics, each chapter starts with
an introduction that gives some context to the chapter content in terms of mathematical history, practical
experience, or a historical person. There are also ‘In this chapter you will learn’ panels that list the learning
objectives of the chapter.




The chapters contain numerous worked examples throughout. These are arranged with the formal written
mathematics on the right-hand side (in blue font), and the thought processes or hints on the left-hand side in
speech bubbles. Initially the worked examples can be followed using the ideas in the speech bubbles. For revision,
the hints can be covered up, and the student can concentrate on the formal written mathematics that they will
need in their examinations.

Worked example

Formal working, e.g.:

First, draw a diagram and label
it with the information from the v
question.
329
X
Then identify the ratio needed . Gin 0= opposite
and solve the equation hypotenuse
5inh 32°= @
Y
39
sin 52°
y=7.56m
To find XZ, you are using
the opposite side and the b) XY2=XZ2-YZ?
hypotenuse. Choose SOH. =7.362—3092
=0.24m
CUsing Pythagoras’ Theorem >

At the end of each sub-section of a chapter is an exercise. This allows the student to check their knowledge and
understanding of the chapter and the methods learned so far. These are in the format of drill-like questions that
act as a quick self-assessment of progress.

Each chapter finishes with summary list of what the student should know once they have completed the chapter.

This can be tested using the Mixed Examination practice questions that follow. These include a selection of exam-

style questions written by the authors in the style of IB examination questions, and some real exam questions
taken from past IB Mathematical Studies papers.

The questions are designed to make sure that students understand the mathematics studied in that chapter and
how to use it. For some questions, particularly in the latter half of the book, students might be expected to use

[IIl Introduction



concepts from more than one topic, which is a common theme for IB questions. It is very important that students
have practised combining ideas and techniques before they attempt any past examination papers.

Supporting panels and icons

Within each chapter there are various support panels and icons to guide the student, or encourage them to look
beyond their immediate studies.

Learning links

These are designed to link the course with more formal mathematical processes that might have been learned in
the past. They do not have to be used because they are not on the syllabus. However, if the student wishes to see
the connections between this syllabus and previous learning, the link is easy to follow.

Help with using the text

These are integrated throughout the book, often recalling the student’s
attention to a particular point in the text or a worked example, or
reminding them of a general point of good mathematical practice.

These points allow students to easily go backwards or forwards to any
section if they need reminders.

This book is based on a specific syllabus, but should not be seen solely

as a guide to the final examinations. However, for all students it is
reassuring to have common mistakes and misunderstandings pointed out,
so that their examinations can be approached with confidence.

Icons linking in the wider IB Diploma ethos

The Theory of Knowledge is central to the IB Diploma. These panels
aim to link questions met in the TOK course with ideas explored in
the Mathematical Studies SL course.

These panels link to other subject areas providing cross-curricular
support as well as links to wider applications of mathematics in the
practical world.

Critical thinking is part of mathematics as it is a tool that can be used in
many contexts and cultures. These panels highlight issues about the
application of mathematics in the real world and to other subject areas.

It also includes links to mathematical history, which places today’s
mathematics in context and shows the breadth and spread of mathematical
ideas.

‘ The internal assessment

All Mathematical Studies students complete a project as part of their diploma course. It is worth 20% of their
final mark, and needs to be given approximately 20% of the time allowed for an SL subject.

Throughout the book, some comments are made about ideas and techniques that may be useful in projects.
There is also a chapter at the end of the book giving advice in more depth, concentrating in particular on
the different assessment criteria, giving advice about how to make sure that these are understood and
correctly interpreted.
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Use of technology

The use of technology is encouraged on this course. This does not need to be restricted to the use of the GDC.
Personal computers (PCs, Mac, Laptop, tablets etc.) can also reinforce and encourage understanding; this can be
through using commercial geometric or statistical packages, as well as programmes that students already know,
such as spreadsheets. There are also many websites and videos online that can be very helpful; though students
should be cautious about trusting the site before using them.

. Online material

There are two practice examination papers available online at
education.cambridge.org/mathsstudiespaper1l
education.cambridge.org/mathsstudiespaper2

Paper 1 has fifteen questions, and each question is marked out of six. The paper takes 90 minutes, so students
should aim to gain one mark a minute.

Paper 2 has six questions, and the mark for each question can vary depending on its length and complexity. The
total time for the paper is 90 minutes, and the total marks are also 90, as in Paper 1. In paper 2, if a question is
marked out of 15, the student should aim to complete it in fifteen minutes.

We hope you find the Mathematical Studies SL course both interesting and accessible. Mathematics is a unique
combination of understanding and practice, and we have written the text and exercises to help you with both
sides of the subject. If you can build on the knowledge you already have, you should be able to move forward
with a useful background in mathematics that will be relevant in future studies and your workplace.

Kwame Dwamena

Caroline Meyrick

X ‘ Introduction
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- What have you done today? Did you:
( ' e solve a puzzle?

y & look at something on the internet?
"« take some medication?
& use your cell phone?
b ' What might you be doing in ten years’ time? Do you think that you will be:
d « working in a design office?

using spreadsheets to analyse large amounts of data?
involved in making financial or investment decisions?
looking into the global logistics of moving goods and materials?

&= "W
-
‘ |t*'
[ B

| Inall of the above activities, algorithms are used to calculate the most efficient way of solving a problem. An
. algorithm can be defined as a detailed set of instructions that leads to a predictable result or a set of instructions

D ‘ that helps you to finish a task as efficiently as possible.

The mathematical skills of manipulating numbers and using algebra provide a powerful tool in devising,
‘ understanding and applying algorithms.

4
ay, - — D
~ Prior learning topics
r ‘ 1 \ It will be easier to study this topic if you:
& o are comfortable with the four operations of arithmetic (addition, subtraction, multiplication, division)

& = o understand the BIDMAS order of operations (Brackets, Indices, Division, Multiplication, Addition,

/ Subtraction)

‘ | can use integers, decimals and fractions in calculations

can recognise prime numbers, factors and multiples

know some simple applications of ratio, percentage and proportion

can identify intervals on the real number line

are able to evaluate simple algebraic expressions by substitution

are comfortable with basic manipulations of algebraic expressions such as factorisation, expansion and
rearranging formulae

understand how to use the inequalities <, <, >, 2

are familiar with commonly accepted world currencies such as the euro, United States dollar and
Japanese yen.

-
-
o0 0000




qn this chapter you will learn:

e about the different types of
numbers

« how to make approximations

e about estimating and how
to check solutions using
your GDC

e how to express very small

and very large numbers and
perform operations with them

e about Sl (Systéeme
International) units.

Ada Lovelace had
a very clear idea of

the role of the
analytical engine, saying:
‘The Analytical Engine has
no pretensions whatever
to originate anything. It
can do whatever we know
how to order it to perform.
It can follow analysis;
but it has no power of
anticipating any analytical
revelations or truths. Its
province is to assist us in
making available what we
are already acquainted
with.” This is ‘Note G’ from
Ada Lovelace’s translation
and commentary of a
1842 document called
Sketch of the Analytical
Engine by L.F. Menabrea
(information sourced from
www.allonrobots.com/
ada-lovelace.html). This is
a good description of all
computers and calculating
machines.

,“[h-—
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An Analytical Engine

Charles Babbage (1791-1871) is described in some histories as ‘the

father of computing. A mathematician and inventor, he was looking for

a method to improve the accuracy of mathematical tables. These lists of
numbers included squares and square roots, logarithms and trigonometric
ratios, and were used by engineers, navigators and anyone who needed

to perform complex arithmetical calculations. The tables were notorious
for their inaccuracy, so Babbage designed a machine to re-calculate the
numbers mechanically. In 1822, the Royal Society approved his design,
and the first ‘difference engine’ was built at the inventor’s home in London.

Babbage went on to develop an improved machine, called an ‘Analytical
Engine, which is now seen as the first step towards modern computers.
He worked on this machine with Ada Lovelace (1815-1852), who
invented the punched cards that were used to ‘programme’ the machine.
Lovelace is considered to be the first computer programmer.

m Different types of numbers

The natural numbers, N

The natural numbers (N) are the counting numbers, the first numbers

that people learn and use.
1,2,3,4,5, ... are all counting numbers.

—1,-2,-3, ... are negative numbers and therefore are not
natural numbers.

1.5, 2.3, 6.7 are not whole numbers and therefore are not
natural numbers.

o1 0 PR
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When small children learn to count, they soon realise that ‘3’ will always
mean the same quantity, three, whether they are counting apples, sheep
or chairs.

Natural numbers are also the numbers typically used for comparison. The blace of zero
For example, you might say, ‘T have read all seven Harry Potter books; P

- among the natural
the second and the seventh were my favourites’ 9 th
numbers is a

Natural numbers can be shown on a number line: point of debate. Not all
definitions of the natural
; numbers include zero. In
0 1 2 3 4 5 6 7 this IB course, the natural
numbers do include the
number zero.

Y

We can also write the natural numbers as follows:
N={0,1,2,3,4,5, ... }, where N is the symbol for natural numbers.

The curly brackets { } enclose all the numbers represented by the symbol N.
These brackets signify that the natural numbers form a set (or collection).

@ Sets and set notation are explained in Chapter 8.

The integers, Z

Natural numbers can only be used for counting in one direction: left to e

. . . . e The number line is
right along the number line, starting from zero. It is often useful to be infinitely lona and
able to count down to below zero. This is where a larger set of numbers, y long

« > . extends from
called the ‘integers, comes in. o r
negative infinity to positive

The integers are defined as all whole numbers: positive, negative infinity. The concept of
and zero. is very important to
mathematicians, but it is
—79,—2 and 10001 are all integers. difficult to define. Imagine a

line, divide it in half, then
divide in half again, and
continue in this way. No
Integers can also be shown on a number line: matter how many times you

—9.99,14 and 10001.4 have decimal or fractional parts and are
therefore not integers.

divide the line in half, you
Gttt can always divide it again.
-5 -4 3 -2 - 0 1 2 3 4 5 So you can do an ‘infinite’

number of divisions. The

We can use set notation to write the integers, as we did for symbol for infinity is co.

natural numbers:

Z={..-3,-2,-1,0,1,2,3,4, ... }, where Z is the symbol for integers.
The symbol Z

7' is defined as the set of all positive whole numbers, or integers comes from
greater than zero. ‘Zahlen’, the

- German word for numbers.
Z is defined as the set of all negative whole numbers, or integers less

than zero.
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The rational numbers, Q

A rational number is a number that results when one integer is divided
by another. Dividing one integer by another creates a ratio, which is
where the term ‘rational numbers’ comes from.

¢

If g is a rational number, then g = ¢, where a and b are both integers,
with b # 0 (a is called the numerator and b is called the denominator).

—% % 2, 5 are all rational numbers.
@ Note that mixed numbers such as Si are also rational numbers. This
© stands for quotient. A quotient is true because you can rewrite them as improper fractions, e.g. 55 3=
the result of a division.

s is
_2
4"
Rational numbers are often written as decimals, which can make it less

obvious that they are rational numbers. For example:

@ —3.5,0.2,3.111111111...are all rational numbers.

You can check by writing each as a fraction:
Remember that a mixed number is

made up of a whole number and a -35= —%, 50 —3.5 is a rational number.
fraction, e.g. 12. An improper fraction
is a fraction where the numerator is 0.2 =% = % s0 0.2 is a rational number.

larger than the denominator, e.g. 2

3.111111111.. 298,503 111111111... is a rational number.

Numbers like 3.111111111..., where a digit (or group of digits) repeats

forever, are called ‘recurring decimals’ and are often written with a
dot above the number that repeats, e.g. 3.1. All recurring decimals are

rational numbers.
@ Rational numbers can also be shown on a number line:

All'integers are rational numbers too,

>

1l
e

4 |

e.g. 5 = 2 is a fraction with -3.5 0.2 3.1 53
denominator 1. Gt f : — >
4 3 2 - 0o 1 2 3 4 5 6 7

Worked example 1.7

Q. | Find a rational number between i and g

ey

e

13 41 5
410 9 2 8
0 0.2 0.4 0.6 0.8 1

gy, ot
-

N g W

<
<

)

.NA\-AMA“"'M\“ANA’J,.A%»“J

N

Fossible fractions includ o
ossible fractions include == 2

The irrational numbers

An irrational number is a number that cannot be written as a fraction.
The decimal part of an irrational number has no limit to the number of
digits it contains and does not show a repeating pattern.

Y 1 /Agf f" J .{ﬁ:

4 |
L
-
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A well-known example of an irrational number is 7 (pi). You know
this as the ratio of the circumference of a circle to its diameter:
7T =3.14159265...

Modern computers enable mathematicians to calculate the value of
7 to many millions of digits, and no repeats of groups of digits have
been found!

Other irrational numbers include ¢ (the ‘golden ratio’) and the square
roots of prime numbers:

¢ = 1.61803398874989484820. ..
V2 =1.414213562373...

J7 = 2.6457513110645. ..

The real numbers, R

The real numbers are all the numbers that can be represented on a
number line.

They include the natural numbers, integers, rational numbers and
irrational numbers.

It may be easier to think of the various types of real numbers in the form
of a Venn diagram.

A Venn diagram uses shapes (usually circles) to illustrate mathematical
ideas. Circles may overlap or lie inside each other. In the example below,
N is inside Z because all natural numbers are integers.

@ You will learn about Venn diagrams in Chapter 8.

Irrational numbers are included in the definition of real numbers. In the
Venn diagram they are represented by the region outside the natural
numbers, integers and rational numbers.

RSN W UL
i B 2 98 /3 » Pa

D

are real numbers.

~@5 1

S ) L OS¢

Irrational numbers
5 do not have their
own symbol;

however, they are
sometimes represented by
Q- The bar above the Q
indicates that the irrational

numbers form the
complement (opposite) of
Q (the rational numbers).
Why do you think irrational
numbers have not been
given their own symbol?

It can be proved
5 that there are an
infinite number of

real numbers. Georg Cantor
constructed the proof in
1874. It is a powerful proof,
surprisingly simple, and
worth reading about and
understanding. The ideas
behind the proof are very
profound and have had an
important influence on the
work of mathematicians
following Cantor.

In this course, all the
numbers you will encounter
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_ The history of
= numbers follows
the development of
human history. The modern
system of numbers is
based on Arabic notation,
and also uses ideas from
Indian mathematics, such
as zero.

Do you think that
g numbers have
always been in

existence, waiting to be
discovered, or are they
an invention of
mathematicians?

Worked example 1.2

Mark each cell to indicate which number
set(s) the number belongs to.

Worked example 1.5

Look at the list of numbers:
V5, —;,n, -5,7,2%
(a) Which numbers are integers?

(b) Which numbers are both rational
and negative?

(c) Which numbers are not rational?

(d) Which numbers are not natural?

(@) =5.7.2°

3
() —=and—5

v M
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continued . . .
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Exercise 1.1

1. Look at each of the following statements and decide whether it is true
or false. If it is false, give the correct statement.

(a) 2.4 1is a rational number.

(b) 6+ (—2) gives an answer that is a natural number.

(c) V17 is a rational number.

(d) 1.51 is an irrational number.

(e) 5mis areal number.

(f) An irrational number is never a real number.

(g) If you add two integers, the answer will not be an integer.

(h) If you divide one integer by another, the answer is a real number.

N

Write down a number that is:

(a) areal number and an integer

(b) a rational number, but not an integer
(c) areal number and an irrational number

(d) a natural number that is also rational.

Rl

Copy the number line below, and put these numbers in the correct
place on the number line:

%, —3,3.1,-1+m,-42,-4.25,J13

<l 1 1 1 1
«T v T v T v T T T

Srinivasa
Ramanujan was a
- mathematical

genius. Born in 1887 near
Madras in India, he was
fascinated by numbers
and made many significant
contributions to the theory
of numbers. He is also well
known for his collaboration
with the famous
mathematician G. H. Hardy
of the University of
Cambridge.

-5 -4 -3 -2 —15051:2 3:4
4. (a) Put the following numbers in ascending order:
12,-5.1,4/3,2,-2,0, g, 2.5
(b) Write down the natural numbers in the list.
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(c) Write down the integers in the list.

(d) Write down the rational numbers in the list.

(e) Which numbers have you not written down? Why?

. Look at each of the following statements, and use the given words to
fill in the blanks, making a correct sentence.

rational, irrational, real, negative, natural, integer

(a) If you add two natural numbers, the answer isa(n) ...............
number.

(b) If you add two rational numbers, the answer can be
a(n) ...l number, a(n) ............... (number) or
a(n) ...l number

(c) If you add a negative integer to another negative integer, the
ANSWET 1S A(N) .ovivriiniii s e

(d) If you add a natural number to an irrational number, the answer
isa(n) .oooeriiiinininnnn. number.

(e) If you add a natural number that is greater than 12 to an integer
between —10 and zero, the answerisa(n) ....................

4
6. (a) Find a rational number between A and 1%.

2 3
(b) Find a rational number between 25 and 32.

7. Look at the list of numbers below, and use it to answer the following
questions:

43,2,21,15,-6,17,6,—4, 13
(a) Write down the prime numbers.
(b) Write down the multiples of three.
(c) Write down the even numbers.

(d) Which number have you written for both (a) and (¢)?

@ Approximation and estimation

Modern calculators and computers allow us to calculate with great
precision. However, in everyday life most people use estimates and few
people are comfortable with very large, very small, or very long numbers.

With the increasing use of calculators and computers, it has become
more important to know how to estimate a rough answer and to ‘round’
the results obtained by technology so that we can use them sensibly.

There is a well-known saying about modern technologies: ‘Garbage in,
garbage out’ This means that you need to put sensible input into your

- .";‘l 0PIV 4
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calculator or computer, in order to be able to make sense of what you get
as an output.

e
THAT'S WHERE
AW THE TRASH

\ (el 2=
]
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We also need to agree upon our methods of rounding; for example, if
one shopkeeper always rounds her prices down to the nearest cent, while
her rival always rounds his prices up to the nearest cent, what will be

the result?

Your graphical display calculator (GDC) is a piece of modern technology
that is fundamental to this course. You cannot achieve a good understanding
of the material without it! It is important that you are able to:

e estimate a rough answer before using your GDC
e put information into the GDC accurately
o sensibly use the GDC's ability to work to nine decimal places.

It is very easy to accidentally press the wrong key on your GDC, which
could lead to an incorrect answer. If you already have an estimate of what
you think the answer will be, this can help you to identify if the answer
your GDC gives you looks about right; if it is completely different to
what you expected, perhaps you pressed a wrong key and need to enter
the calculation again.

Approximation by rounding
Rounding is an idea that many people apply instinctively.

When someone asks you ‘how long was that phone call?’ you would
usually not reply ‘nine minutes and thirty-six seconds. You would
probably say ‘about ten minutes, rounding your answer to the nearest
minute. The ‘nearest minute’ is a degree of accuracy.

When asked to round a number, you will normally be given the degree of
accuracy that you need. Some examples are:

® to the nearest yen

e to the nearest 10cm

e to the nearest millimetre
e to the nearest hundred

e to one decimal place

e to three significant figures.




To round numbers you can use either a number line or the
following rule:

o If the digit to the right of the digit you are rounding is less than five
(<5), then the digit being rounded stays the same.

Remember the meaning of the o [Ifthe digit to the right of the digit you are rounding is five or more
following symbols: (=5), then the digit being rounded increases by one.

< ‘less than’

> ‘greater than or equal to’

~ ‘approximately equal to’

Worked example 1.4

Use the rule above to round the
following numbers:

(a) 1056.68 yen to the nearest yen
(b) 546.21 cm to the nearest 10cm
(c) 23.35mm to the nearest mm

(d) 621317 to the nearest 100.

(a) 1056|.68 yen = 1057 yen

(b) 54/6.21 ~ 550 cm

AVMM“MA PPN SR

(c) 23|.35 mm = 23 mm

(d)621 3|17 = 621 300

JMW*‘-\'

@ You may find it easier to visualise the rounding process using a
rt (d) of Worked example 1.4, number line. For example for part (c) above:
u need to replace the last two 23i35

‘1’ and ‘7’ by zeros in order to 7 f— | ' >

p the number the correct size. 23 23,5 24

represents 300, so 317 to the

t 100 is 300, and therefore ‘1’ 23.35 is closer to 23 than to 24, so 23.35mm = 23 mm to the nearest mm.

‘7’ must be replaced by ‘00’
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1A Place order structure of numbers

You might find it useful to remember the ‘place order’ (or ‘place value’) of numbers
when considering degrees of accuracy. It is also useful when making sure the
rounded value is the same order of magnitude (size) as the original number
(millions must remain millions and thousands must remain thousands, etc.).

1 0 0 0 0 0 0 0 0 0
u= 1%}
o w () 0 2 f=
[} n @+ T © % 1%} = S
c S S| O ¢ = > ) 1) & ko]
R A e R e
Z |5 3|53 3 c Qo 5 S © 19
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Exercise 1.2

1. (a) Tom is 168.5cm tall. Give his height to the nearest centimetre.

(b) A film lasts for one hour and forty-seven minutes.
Round this time to the nearest five minutes.

(c) There were 3241 people at a hockey match.
Give the number to the nearest hundred.

(d) A camera costs 219 AUD. Round this price to the nearest
10 dollars.

(e) The area of a field is 627.5 m?. Give this area to the nearest
square metre.

(f) A sheep weighs 75.45kg. Give the mass to the nearest kilogram.

2. Round these numbers to the nearest 10.
(a) 49 (b) 204 (c) 319
(d) 2153 (e) 20456

3. Round these numbers to the nearest 100.
(a) 346 (b) 2011 (c) 85
(d) 67863 (e) 708452

4. Calculate the following values using your GDC.
Give your answer to the nearest integer.

(a) v4.56 (b) 3.172 (c) 15sin60°  (d) mx 62



Some exam questions may ask
v you to give your answer to a
specified number of decimal places,
SO you need to know how to do this.
However, remember that if a specific
degree of accuracy has not been
equested, you must give the answer
to three significant figures (see the
section on ‘Significant figures’ below).

Can you use equals
signs in these

approximations?
Or should you always use
the ‘approximately equal to’

sign=?

@ Decimal places

Standard calculators can give you answers to several decimal places
(d.p.). A GDC can give you answers to as many as nine decimal places!

For most practical purposes, nine decimal places is far too many figures,
so you need to be able to round to a given number of decimal places.

To round a decimal number, you can use the decimal point as your first
reference, and then use the number line, the ‘< or > 5 rule, or your GDC
to round up or down appropriately.

Worked example 1.5

AL AN —— ,‘M‘ ‘*—M*‘n’.’,“

Round 23.682 to 1 decimal place using:
(a) a number line
(b) the <or>5rule

(c) your GDC.
23.682
(a) H/I : | 1 l|

{i
g
L e
<X EITARIA I
25.652 is closerto 23.7 thanto 23.6
[}
Z
é

23.662=23.7 (to1dp)

(b) 23.6|862
&>5
5023.0682=23.7 (to 1dp.)

()

CASIO )

) EB

23.882

TEXAS

23.682
|

23.7

5023.682=23.7 (1dp)

When using your calculator, be practical: it is better use all the digits it
provides in your calculations to get an accurate answer, but you do not
need to write down every figure that your GDC gives you in each step
of your working. Instead, store the long numbers in the memory of your
GDC so they can be used in future calculations, but only write down

a rounded value in your working (see 22.2D Using the GDC memory’
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on page 643 of the GDC chapter). Make sure you state the degree of
accuracy that you have used when writing a rounded answer. It is fine to
use abbreviations such as d.p. and s.f.

Exercise 1.3

1. Write the following numbers to
(i) 1 decimal place; (ii) 2 decimal places.

(a) 6.8152 (b) 153.8091 (c) 17.966 (d) 0.1592

2. Use your GDC to calculate the following.
Give your answers to one decimal place.

(a) 76.95x 2.1 +3.86 (b) (3.8 +2.95) (©) V3 +4+3

3. Use your GDC to calculate the following.
Give your answers to two decimal places.

(a) If r=6.8cm, then r? =
(b) If r=3.2cm and h=2.9cm, then nr*h =

(c) Ifr=4.2cmand h=3.95cm, then lanh =
3

Significant figures

On the instruction page of each examination paper for the IB Mathematical
Studies SL course (the page on which you write your name), students are
asked to give all final answers to an exact value, or to three significant
figures if the question does not request a specific degree of accuracy.

Rounding to a certain number of significant figures (s.f.) is the most
flexible system of rounding, as you can use it for numbers of any size as
well as for numbers that have no decimal point. This means you can use
it for very small numbers as well as for very large ones.

First we need to understand what is meant by ‘significant figure’:

e Inanumber that is greater than 1 (e.g. 143) the first significant
figure is the first (leftmost) digit in the number, the second
significant figure is the second digit from the left, and so on. So,
in the number 143, ‘1’ is the first significant figure, ‘4’ is the second
significant figure, and ‘3 is the third significant figure.

e Inanumber that s less than 1 (e.g. 0.0415), the first significant figure is
the first non-zero digit after the decimal point, the second significant
figure is the next digit to the right of the first significant figure, and so
on. So, in the number 0.0415, ‘4’ is the first significant figure, ‘1’ is the
second significant figure, and ‘5’ is the third significant figure.

o Inanumber with figures on both sides of the decimal point (e.g.
78.2), the first significant figure is the first (leftmost) digit in the
number, the second significant figure is the second digit from the left,
and so on. So, in the number 78.2} 7’ is the first significant figure, ‘8’
is the second significant figure, and 2’ is the third significant figure.

@

You should practise rounding
answers to three significant figures
from the beginning of the course, so
that you will be confident when you
take the final examinations.

\
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To round to three significant figures:
1. Find the third significant figure in the original number.

2. Look at the digit to the right and round the third significant figure
according to the ‘< 5 or 2 5’ rule.

3. Check the rounded number is the correct magnitude. If you need to,
replace digits on the right of the third significant figure with zeros.

A.‘ Be careful to keep track of the number of digits that need to be
’ ] replaced: the rounded number must be of the same magnitude as the
ﬁ original number (millions must remain millions, hundreds stay as
- hundreds, etc.)
| \ For example, to round 6214789 to three significant figures:

21]4789

1 is the third significant figure and the next digit to the right is 4.
As 4 <5, you do not change the third significant figure.

Replace the ‘4; 7, ‘8’ and ‘9’ to the right of the third significant figure
with zeros.

S0 6214789 =6210000 (3 s.f).

@ Notice that the answer is written as 6214789 = 6210000 (3 s.f.); it
includes the comment ‘(3 s.f.)’ at the end. This comment means ‘to three

In Worked example 1.4 the answers significant figures’ and indicates that the values are ‘equal’ at that degree
were written using the symbol ~ which of accuracy. The addition of the comment ‘(3 s.f.)’ is required because
means ‘approximately equal to’. In 6214789 is not exactly equal to 6210000, so without it, the statement
this case no degree of accuracy was 6214789 = 6210000 would not actually be true. Some texts prefer to

included with the answer so this
symbol was used to indicate

that the answer was rounded. So, In some numbers, you will find that rounding the significant figure up
B 057 yen indicates that means going from ‘9’ to ‘10} which means you need to change both the

B oxmately equal to' and significant figure and the number before it.
therefore states it is a rounded value. If

the degree of accuracy was included, For example, to round 0.31972 to three significant figures:

we would have used the = sign:
o.;%1972 - 0.320 (3 s.f)

1056.68 = 1057 yen (to the nearest yen).
The third significant figure is 9. Because the next digit, 7, is greater than
5,9 is rounded up to 10. In this case, you need to carry the ‘1’ from ‘10’

g fID‘J’/j'A

H,.u ri?

use the notation 6214789 — 6210000 (3 s.f.).

2
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over to the second significant figure (making it 2’), and you must keep
a zero (the ‘0’ from ‘10’) in the position of the third significant figure, to
maintain the degree of accuracy you were asked for. An answer of 0.32

would be incorrect, because it contains only two significant figures.

Worked example 1 §%)

Round the following numbers to three
significant figures.

(a) 0.00056384
(b) 4.607054

0.000563 | 84

e

0.000563864 =0.000564 (3 s.f)

(b)
'

4607054=4.61 (3 5f)

Exercise 1.4

1. Write the following numbers to three significant figures.

(a) 93.5159 (b) 108.011 (c) 0.0078388

(d) 8.55581 (e) 0.062633

2. Use your GDC to calculate the following. Give your answers to 3 s.f.

(a) 6.96%2.15 + 4.86 (b) (8.3 +1.95)
(c) J6r +52 +42 (d) V6 +5++/4

U
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3. Calculate the following, giving your answers to 3 s.f.

(a) The area of a rectangle with a length of 6.9 cm and a width
of 6.3cm.

(b) Use the formula C = 21tr to calculate the radius of a circle with
a circumference of 20 cm.

(c) Use Pythagoras’ theorem a? +b? = ¢? to calculate the length of
the hypotenuse of a right-angled triangle whose shorter sides
measure 7 cm and 5cm.

4. Find the volume of this cone.
Give your answer to three significant figures.

>

Nhint

You can look up the formula for the
volume of a cone in the

i, 2
Formula booklet.

9.7cm

0
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
[
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'
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Important considerations for rounding

You can round numbers during a calculation, but be aware that if you
round a number too early, you could significantly change the final answer.

The example below demonstrates this by calculating the volume of a
cylinder using a rounded value for the area of its circular base, and
comparing this to the volume obtained from using the exact area.

Worked example 1 7

Q. | (a) Find the area of a circle with radius of 6.81 cm

(b) Write down your answer from (a) to three
significant figures.

d
é
{
(c) Use your answer from (b) to calculate the
volume of a cylinder with base radius 6.81 cm
and height 14.25 cm using the formula
V =base area X height. {

\

>

“A‘_*""MM“." J,“%W‘J

vi X K A IV AL




W0 Y Tt K WRA Y

A

TR

continued . . .

(d) Re-calculate the volume of the cylinder using
the formula V = nr’h

(e) Find the difference between the answer to
(c) and the answer to (d).

(a) Area of circle:
A=Tr?
=nxX6.861 =145.69...cm?

(b) 1460m? (3 sf)

(©) v =basexheight
=146Xx14.25=2080.5 cm?

@) v=mnreh
=TX0.817x14.25
=2076.15 (2d.p.)

(€) 2080.5-2076.15=4.35cm? (3 sf)

L“‘M,\_MA-MWA

Ly N pv L f’\"—“"\“‘\w"*‘-‘) w e I

Worked example 1.7 helps to demonstrate the importance of rounding at
an appropriate stage during a calculation. In part (d) no rounded values
were used during the calculation; only the final value was rounded. But
in part (c) a rounded value was used within the calculation. The answer
from (c) is larger than that in (d); part (e) shows you the difference

is 4.35 cm’. Rounding during a calculation, rather than just at the

end of the calculation, can lead to a less accurate estimate; in Worked
example 1.7, rounding too early in the calculation led to an overestimate
of the cylinder’s volume.

If you had 2000 cm® of fluid, then either method (part (c) or (d)) would In the drinks bottle
be sufficient for checking whether the bottle is big enough to hold the g
fluid: both answers are larger than the required 2000 cm?®. . ST, (1D
numbers for the
You need to decide how accurate you need the answer to be in order to volume are sufficiently
decide if it is acceptable to round during a calculation. close that the
consequences of the value
being wrong are not that

Estimation important. Can you think of
Using a computer or a calculator gives you a very accurate answer to a situations where rounding
problem. However, it is still important to be able to estimate the answer an answer too early

that you are expecting. This will help you to realise when you might have could have serious

made a mistake, and to notice when other people make them too! consequences?

For example, Ed is shopping for his class barbecue. He buys 12 cartons of
orange juice and 6 bottles of cola. The orange juice costs $1.42 a carton

and the cola costs $1.21 a bottle.
¥
20 '
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He estimates the bill as follows:
12X1.42=12X%1.5
=(12x1)+(12x0.5)
=12+6
=18
6x1.21=6X1
=6

Total = $24

At the cash register Ed is charged $177.66. This seems far too large a
sum, and does not agree with Ed’s estimate. What has gone wrong?

There is a record on the cash register of what was entered by the cashier:

12x14.2=170.4
6x1.21=7.26
Total = $177.66

The cashier has put the decimal point for the price of the orange juice in
the wrong place. The bill should be:

12x1.42=17.04
6x1.21=7.26
Total = $24.30

If Ed had not made the estimate before he paid, he might not have
questioned the amount he was charged and could have paid way
too much!

To estimate quickly:

1. Round the numbers to simple values (choose values that will allow
you to do the calculation using mental arithmetic).

2. Do the calculation with the simplified numbers.

3. Think about whether your estimate seems too big or too small.

Worked example 1.6

The room measures 5.68 m by 3.21 m. Zita wants to buy new

Q. | Zita’s mother has told her that she can redecorate her room. {
carpet for the floor. \J
(a) Estimate the floor area of Zita’s room to the nearest metre.  /

(b) Based on your answer from (a), what area of carpet do
you suggest Zita should buy?

(c) Find the accurate floor area using your GDC and
determine whether your suggestion in part (b) is sensible.

-_—a -
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continued . . .

assume that the estimate is too low. She probably needs
to buy 19m?

(c) Accurate calculation:
5686x3.21=1823m?(2dp)

50 18 m? would not have been enough; the suggestion to
buy 19m? was correct.

(a) 5.686%x32.21=6Xx3=18m? z
(b) Tobe sure that Zita buys enough carpet, it is best to

Exercise 1.5

1. Round each figure in these calculations to one significant figure,
and use the rounded values to estimate an answer to the calculation.
Check your estimate by using your GDC.

(a) 5.82x2.25 (b) 11.7x 2% (c) 37.9+5.16

2. Nike measures the base of a parallelogram as 14.7 cm and its
height as 9.4 cm.
(a) Calculate the area of the parallelogram: @
(i) exactly (ii) to 1d.p. (iil) to 3 s.f. The formula for the area of a
parallelogram is in the Formula b
(b) Nike estimates the answer as 15 X 9 = 135 cm?. Calculate the :
difference between the exact answer and her estimate.

3. (a) Write down the following figures to 1 s.f.:

m=28.07 n=13.23 p=112.67

(b) Ifg= %, use your answers from (a) to give an estimate of the
n
value of q.

(c) Use the accurate values in (a) to find an accurate value for g.
Write down all the figures from your calculator display.

(d) Calculate the difference between your estimate in (b) and the
accurate answer in (c).

SN
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4. Winston estimated the area of a rectangular field as 12000 m? The
exact measurements of the field were 383 m x 288 m.

(a) Calculate the area of the field using the exact measurements.

(b) What mistake do you think Winston made in his calculation?

Percentage errors

Estimating and rounding values involves error. It is important to
establish a way of assessing the magnitude (size) of that error.

Sam estimates the number of people watching a football match. He
thinks there are about 14 500. The gate receipts show that there were
actually 14861 people watching the match.

Deepa estimates that there were 380 people attending a school concert.
The actual number was 349.

Who gave the better estimate?
14861 — 14500 = 361, so Sam’s estimate was too low by 361 people.
380 — 349 = 31, so Deepa’s estimate was too high by 31 people.

First impressions suggest that Deepa’s estimate is better because the
difference between the estimate and the actual value is smaller. But the
sizes of the crowds were very different, so just looking at the differences
does not give a fair comparison. To compare the results more fairly, we
can use percentage error. The percentage error works out the difference
between the estimate and the actual value in relation to the size of the
actual value. The smaller the percentage error, the more accurate the
estimate is.

Va—

%x100%, where v, = approximate (estimated) value and v; = exact value. )

How important is
e accuracy? Is it more

important in one
context than in another? Is it
more important to be
accurate in physics,
medicine or finance? Is
there a context in which
accuracy is not important?

~ .

The vertical bars around the fraction mean that we consider only positive
values; for instance, if the difference between the exact and approximate
values turns out negative, we just drop the minus sign.

> ;o 14861 — 14500 = 9
Sam’s percentage error is =2 = o < 100=2.43%

, ;o 380 — 349 -
Deepa’s percentage error is 2557255 X 100 = 8.88%

So actually, Sam’s estimate was the better one because the percentage
error is smaller.

Error can also occur in the process of measuring. A physical
measurement will always be a rounded value, because we do not have
tools that are sensitive enough to measure continuous data to complete
accuracy.
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Worked example 1 9

Q. | At the beginning of a problem, Ben writes +/13 = 3.6.

i=2+J13)°
Vy=(2+3.6)°

He chooses to use the rounded answer of ‘3.6° rather than
the exact value of /13 in the calculations that follow. So,
instead of calculating (2+ \/E ), he calculates (2 + 3.6)>.

What is his percentage error?

2+13)72 -(2+3.6)°

Percentage error =

\NAM‘*"',J‘MMN“,J/‘¢%

Exercise 1.6

1. In each of these questions, calculate the percentage error.
Give your answer to 3 s.f.

(a) Anu estimates the length of a piece of rope to be 5.5m.
The accurate length is 5.65 m.

(b) Miki types 3.96 into his calculator instead of 3.69.

(c) Ali estimates the crowd at a basketball match as 4500.
The true number is 4241.

(d) Amy tells her mother that the call on her cell phone took only ten
minutes. The call really took 14 minutes and 40 seconds.

1

Maria measures the diameter of a cylinder as 8.75cm and its
height as 5.9 cm.

(a) Using the formula V = nr?h, calculate the volume of the cylinder
to two decimal places.

(b) More accurate measurements give the volume of the cylinder
as 342.72 cm®. Calculate the percentage error between Maria’s
answer and the accurate value.

=0.297%




Very large and very
small numbers are
used in many fields

of science and economics:
for example, earth
sciences, astronomy,
nanotechnology, medical
research and finance.
Chemists measure the
diameter of an atom, while
astronomers measure
distances between planets
and stars.

Expressing very large and very small
numbers in standard form

Scientists, doctors, engineers, economists and many other people often
use very large or very small numbers. For example:

e ‘The galaxy of Andromeda is 2000000 light years from our galaxy’
® ‘Alight year is approximately 9460000000000 km’

o ‘Ttis estimated that the volume of petrol reserves worldwide is
177000000 000 cubic metres’

o ‘The thickness of this strand of glass fibre is 0.000008 m.

Modern computers and calculators help these people to work with such
numbers, but the numbers can still be complicated to write out, to use
and to compare. The numbers may also be too long for a calculator

or spreadsheet to cope with and therefore need to be written in a
shorter form.

Very small and very large numbers can be expressed in the form a x 10
where 1 < a <10 and k is an integer. This is called standard form or
scientific notation.

This notation is used to write numbers in a form that makes them:
e shorter

e easier to understand

e easier to compare

e able to fit onto a GDC or into a cell in a spreadsheet.

How to write a number in standard form
Large numbers

1. To write a very large number in standard form, first write down a
value between 1 and 10 by inserting a decimal point after the first
significant digit, e.g. for 13000 write 1.3 (0.13 is less than 1, while
13.0, 130.00, etc. are all greater than 10).

2. Think about how many times you would need to multiply this
new number by ten in order to get back to the original value,
e.g. 1.3x10x 10x 10 x 10 =13000, so you need to multiply by
10 four times.

3. Then, rewrite the original number as the decimal value from
step 1 multiplied by 10 raised to the power of the number of times
you needed to multiply by 10, e.g. 13000 = 1.3 x 10*
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For example, to write 5120000 in standard form:

5.12 is between
1and 10.

5.12 needs to be
multiplied by 10 six

times to get back to
the original number.

5120000=5.12x10x 10 x 10 x 10 x 10 x 10

Multiplying by 10
six times can be
written as 10°.

10x10x 10 x 10 x 10 x 10 = 10°

S0, 5120000 written in standard form is 5.12 x 10°.

Another method is use the structure of the number in terms of
place order:

10¢
(millions)

10°
(hundreds of thousands)

10*
(tens of thousands)

103
(thousands)

10?
(hundreds)

10!
(tens)

10°
(units)

5

1

2

0

0

A B

The first significant figure 5 has a place order in the millions and so

indicates 5 million. It is in the 10° column, and this is the power of ten by

which you need to multiply the value between 1 and 10. l I
|

Small numbers

1. To write a very small number in standard form, first write down a
value between 1 and 10 by inserting a decimal point after the first
significant digit (as you did for very large numbers), e.g. for 0.034 e
write 3.4. ‘

2. Think about how many times you would need to divide the new
number by 10 in order to get back to the original number, e.g. 3.4 +
10 + 10 = 0.034, so you divide by 10 two times.

3. Then, rewrite the original number as the decimal value from step 1
multiplied by 10 raised to negative the number of times you need to
divide by 10, e.g. 0.034 =3.4 X 1072,

For example, to write 0.00684 in standard form:

0.00684 =6.84+10+10+10
=6.84+10°
=6.84%x10

(4 N
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Alternatively, use the place order structure of the number:

10° . 107! 1072 1073 10 10-°
(units) | (decimal point) | (tenths) | (hundreths) | (thousanths) (tenths of (hundredths of
thousandths) thousandths)

0 . 0 0 6 8 4

The first significant figure 6 represents 6 thousandths. It is in the 103
column, and this gives you the power of ten that you need.

1B Negative indices and the standard form

In a number written in the form bP, the superscript p is the power of b, also called
the index or exponent. If p is a positive integer, it tells you the number of times
to multiply by the number b. For example, 24 =2 x2 x2 x 2 = 16.

Negative powers

If p is a negative integer, it tells you that you have a reciprocal, or 25 Recall

that a reciprocal is a fraction with 1 in the numerator. For example, 2- 4 = — =

=0.0625. Observe that

1+2+2+2+2=%+2+2+2

= 1 =2 o= 1 =2,
230! 2SR AR

= 1 e

T ox2x2x2 24

So 2+ is the same as the fraction - 24

m

This is an example of one of the laws of indices: b-" = bi.

How does this apply to the standard form?

The standard form is a x 10 where 1 < a < 10 and k is an integer, which means
that you have to multiply a by 10 raised to a power. Any small number that is
less than 1 can always be written as a + 10™ or a x ﬁ where 1 <a<10and m
is a positive integer. Using the law of indices above, this is the same as ax 10,
In other words, we multiply by a negative power of 10 to indicate that we are
really dividing by a power of 10.

4
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Changing a number from standard form to
ordinary form (decimal form)

To write a large number given in standard form a x 10* as an ordinary
number, multiply a by ten k times. For example:

7.904 X 10°=7.904 X 10 X 10 X 10 = 7904

Here, a =7.904 and k = 3. So multiply 7.904 by 10 three times (which is
the same as multiplying by 1000).

To write a small number given in standard form a X 10~ as an ordinary
number, divide a by ten m times. For example:

3.816 X 10°=3.816+ 10+ 10+ 10+ 10+ 10 =0.00003816

Here, a = 3.816 and m = 5. So divide 3.816 by 10 five times (which is the
same as dividing by 100 000).

It is possible to set your calculator to do all its calculations in standard
form. Every time you use your GDC the screen will display the answer in
the form that you have set. This can be useful if you often use very large
or very small numbers, but not when you are doing calculations with
more ordinary-sized numbers.

See ‘1.2 Answers in standard form’ on page 650 of the GDC chapter

to find out how to do operations in the form a x 10* with your
GDC.

If a calculation is to be done in the standard form a x 10, make sure that
you know which key to use on your GDC to enter the exponent k. It will
be marked EE or EXP.

Worked example 1.10

&MY [ O4

=z Many people use

numbers that are
difficult to imagine

and beyond their everyday
experience. What is the
largest number that you
can really imagine?
A hundred, 250, 1000, a
million? What is the
smallest number? One half,
one tenth, one thousandth?
Does using standard form
make it easier for you, or
more difficult, to grasp the
magnitude of a number?

D

Be careful not to write ‘calculator
language’ in your working or answer
rather than true mathematical
notation. For instance, do not put
8.12E6 in your solution; instead,
write 8.12 x 10°. In examinations you
will be expected to give answers in
correct mathematical notation.

Q.| (@) Ifa=723000000 and b =

standard form.

(i) axb

(b) Using the results from part (a) and your GDC, calculate:
(ii) a+b
Give your answers in standard form to three significant figures.

(@) a=723000000="7.23x10°

b=0.0591=591x 1072

0.0591, write a and b in

(iii) b+a
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.23+, F1lE-Z T.23e8x5.91e-2
4272308
. 23EE-D.91E-2
1.223358254e18
2. E-EST L 23ED
. 8.17427 38611

() 427x107
(i) 1.22x10
(i) 817x10-"

MN_."'MMN"*,/ A

Exercise 1.7

1. Fill in the missing values of n, e.g. if 34 500 = 3.45 X 10", then n =4.
(a) 628 =n.28 x 10 (b) 53000=5.3% 10"
(c) 0.00282 =2.82 x 10" (d) 3640000 = 3.14 X 10°
(e) 0.0208=2.1n8x 107

@ 2. Write out the following numbers in decimal form.

I form we mean an (a) 1.25x10* (b) 3.08x 10’ (c) 2.88x 10°

ordinary number’; so you need to
the number out in full as it would
r if not written in standard form. . . . .
S example, 1.25 X 10¢ in ‘decimal 3. Write these numbers in the form a X 10 where 1 <a <10 and k is

form’ would be 12500. an integer.

(a) 62100 (b) 2100 (c) 98400000 (d) 52

(d) 4.21 x 1072 (e) 9.72x107° (f) 8.38x10°

4. Write these numbers in the form a x 10* where 1 < a < 10 and k is
an integer.

(a) 0.727 (b) 0.0319 (c) 0.00000257 (d) 0.000408

5. Look at the following numbers:

398 x 10! 0.17 x10° 2.4%x107 3.8x10°°
370 x 102 0.02 x 10? 1.2 x 10?

(a) Which numbers are not written in the form a x 10* where
1 <a<10and k is an integer?

(b) Rewrite the numbers from part (a) in the form a X 10* where

1<a<10and k is an integer.
PI

‘ﬁvﬂi

(c) Put all the numbers in ascending (increasing) order.

" - ‘:- V4V 1
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6. Use your GDC to calculate the following. Give each answer in the
form a x 10* where 1 < a < 10 and k is an integer. Round ‘a’ to three
significant figures.

For example, (3.81 x 107%)? = 0.00145161 = 1.45 x 10~ (3 s..)
(a) (8.5%x10% x(3.73 x 10°) (b) (5.997 x 10?) + (6.063 x 10°)

(c) (7.71x1072) + (1.69%x107)  (d) (1.24x107%)?
(e) /(6.59%10%)

7. Given that m = 3.9 x 10° and n = 6.8 X 107, calculate the following,
giving your answer in the form a x 10¥ where 1 <a < 10 and k is
an integer.

(f) (7.01x107%)3

(@) m+n (b) m—n (c) mxn d) m=n

8. If the speed of light is approximately 300000 km s~ and

. distance
time =

, calculate the time that light takes to get from:
spee

(a) Earth to Jupiter, when they are 5.88 X 108km apart
(b) Mars to Venus, when they are 2.22 x 108km apart

(c) Saturn to the sun, when they are 1.43 X 10°km apart.

Give your answers to the nearest minute. As all the figures have been

rounded, these answers are only estimates.

9. The area of the Taman Negara park in Malaysia is 4.34 X 10°km? The

area of Central Park in New York is 3.41 X 10° m* How many times
can you fit Central Park into Taman Negara?

@ Sl units

The international system of units (Systéme International d’Unités), or

SI units, was adopted in 1960. The system is based on seven essential, or
‘base;, units for seven ‘base’ quantities that are independent of each other.

The SI system forms a fundamental part of the language of science and
commerce across the world.

Base quantity Base unit
Length metre
Mass kilogram
Time second
Electric current ampere
Temperature kelvin
Amount of substance mole
Intensity of light candela

V=i

v
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Time

The SI unit for time is seconds, but it is often convenient to work in
minutes, hours, days, weeks, months or years.

1C Working with decimals and time

It is important to remember that hours and minutes work in parts of 60, not
parts of 10 or 100. Therefore, when we say ‘25.6 minutes’, the .6’ does not
represent 6 seconds. To convert 0.6 minutes to a number of seconds, think of
it as 0.6 of a minute, that is, 0.6 of 60 seconds. So, multiply 60 by 0.6 to get
0.6 x 60 = 36 seconds.

Worked example 1.1

Fiona works for herself and needs to earn $20,000
per year.

(a) How much does she have to earn each month?

;
(b) How much does she have to earn each week?
(c) If she actually works 1000 hours per year, how
many minutes is this? How many seconds?
g
é

(3) $20000+12=$1666.67 (to 2 dp)

(b) $20000+52=$384.62 (to 2 d.p)

(c) 1000 x 60 =60 000 minutes

60000 x 60 =3600000 seconds




Exercise 1.8

TPV A SN

1. Convert these units of time:

(a) 6 minutes 35 seconds to seconds

(b) 562 seconds to minutes and seconds

(c) 78 hours to days and hours

7~ (JJ. .(m')i!i’v'“d

(d) 6500 seconds to hours, minutes and seconds

(e) 12 days 5 hours and 15 minutes to minutes

(f) 6 hours, 7 minutes and 10 seconds to seconds

Temperature

The ST unit for temperature is the kelvin (K). This is the most important
scientific measure of temperature, although in everyday life we use
Celsius (°C) or Fahrenheit (°F). One kelvin has the same magnitude as
one degree Celsius, but 0K is at —273.15°C.

Kelvin Celsius Fahrenheit
Freezing point of water 273.15 0° 32°
Boiling point of water 373.15 100° 212°

To convert a temperature in kelvins (K) to a temperature in Celsius (°C),

use the formula:

T. =Ty —273.15

To convert a temperature in Celsius (°C) to a temperature in

Fahrenheit (°F), use the formula:

T =%TC +32

To convert a temperature in Fahrenheit (°F) to a temperature in

Celsius (°C), use the formula:

T, = 2(1; 32

TN =

i »n

Worked example 1.12

“iig i@
N /73 D Pa

(a) The weather forecast in Houston, Texas, tells you
that today’s temperature will be 90°F. Give this
temperature in degrees Celsius.

(b) The temperature in Stockholm on 1 January
was —5°C. Give this temperature in degrees
Fahrenheit.
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Celsius (°C) -2 7 25 -12

-

VA MENNY) | OS]

continued . . . S
al@ n=20-32)
5
TC=§(90—52)=52.2°C
b) T=27.432
5
9
= oX(-5)+32=23°F
P P W Y eV

Exercise 1.9

1. The table gives temperatures from cities around the world. The
temperatures were recorded in January. Some are in measured in
degrees Celsius and others in degrees Fahrenheit. Convert the units
and complete the table.

Fahrenheit (°F) 82

; Is the fact that
5 these prefixes are
derived from Latin

and Greek part of what
makes mathematics a
‘universal language’? Or
does the use of the
Systeme International in
mathematics seem more
relevant to this point?

Topic 1 Number and algebra

Other units

You also need to be able to use units that are closely related to the SI base
units; these units are not official SI units, but are very commonly used.

millimetre (mm) milligram (mg) millilitre (ml), 1 cm?®

centimetre (cm)

metre (m) gram (g)
kilometre (km) kilogram (kg) litre (1), 1000 cm?
tonne (t), 1000kg

You will find it easier to use these units if you remember the meaning of
the prefixes milli- and kilo-:

e ‘mille’ means one thousand in Latin; a millimetre is ﬁ of a metre

e ‘centum’ means one hundred in Latin; a centimetre is ﬁ of a metre

e ‘khilloi’ means one thousand in Greek; a kilogram is 1000 grams, a
kilometre is 1000 metres.

5 R KE QI AL




Derived units

There is no unit for volume among the seven SI base units. Volume is
an example of a derived quantity with a derived unit; a unit defined in
terms of the SI base units by means of a formula. The most common

derived units are the following:

~
>
LY

Speed, acceleration,
@ force and density

are all examples of
quantities we come across
in everyday life that use

derived units. For example,

Derived quantity Derived unit Symbol evaluation of the force

Area square metre m2 created by acceleration is

Volume cubic metre m? important in crash testing
. and vehicle safety.

Speed/velocity metre per second ms™!

Acceleration metre per second per second ms™

Density kilogram per cubic metre kgm™

You can often work out what formula was used to generate the derived
units. For example, the unit of ‘ared’ is square metre (m?=m X m), and ‘m’
is the ST unit for ‘length), so area = length X length was the formula used.

When you use derived units, you are actually using simple formulae.

For example:
__ distance (m)

d -1
speed (ms™) time (5)
density (kg m~*) = 1258 (kg)
volume (m?

Worked example 1.13

First convert the 20 minutes to hours to

get the time in the same units: 20 = 1.
60 3

Then substitute values into the formula

for speed.
Rearrange the formula speed = % to

calculate the time from distance and speed.
Then substitute in the distance given in the
question and your answer from part (a).

Q. | (a) Jared cycles 38km in 3 hours and
20 minutes. What is his speed?

(b) If Jared continues at this speed, how long

1
will it take him to cycle another 25km? {

Give your answer to the nearest minute. /
]

v

distance f

A. | (a) speed=——— 1 -

time 4

Jared's speed = 58+5% =11.4kmh™

dist. 25
(b) time=2221C_ 22 _5 193
speed 114
0.193 hours=0.193 x 60 = 12 minutes, ;
so it will take 2 hours 12 minutes. t
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1kg=1000g
~—~

X 1000

Exercise 1.10

distance
, calculate:

1. Using the formula speed = —
time
(a) the speed of a car that travels 95km in 2% hours
(b) the number of hours it takes to travel 37.4km at 5.2kmh-!
(c) the distance travelled if you go at a speed of 11kmh™ for
2 hours 40 minutes.

2. (a) On the first day of their trek, Noah and his friends travel 21 km
in eight hours. What is their average speed?

(b) On the second day they travel 18% km in seven hours. Are they
travelling faster or slower on the second day?

(c) What is their average speed over the whole two-day trek?

Conversion between different units

If you are asked to convert from one unit to another, look at the units
very carefully.

Remember that you cannot convert units of length into units of volume,
or units of mass into units of temperature. You can only convert between
units of the same type of measure. So you can change a length measure in
one unit to a length measure in another unit, e.g. mm to km, and so on.

Most conversions will rely on you knowing how to get from one unit to
another. The conversion of some common units are useful to know.

+10 + 1000
AN A~
lcm=10 mm 1 m=1000 mm
v v
X 10 x 1000
+60 + 60
1 hour = 60 minutes 1 minute = 60 seconds
— ¥ v
X 60 X 60

Sometimes, the units given can guide you to the method you should use
to convert them.

Py

Worked example 1.74

—

ane A Ale

Q. | (a) The mass of a child is 21kg. Give the child’s
mass in standard form in grams.

(b) A computer program runs for 4000s. Give
the time in hours, minutes and seconds.

(c) The area of a circle is 5.25 m? Give the 1
answer in cm?. ’

\
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continued.. . .
(@) Tkg=1000g¢
21kg=21x10009g=21000¢g

>

21000=2.1x10*
50 the child's massis 2.1 X 10%g

(b) 4000 +60=66.667 minutes

66 +00="1.1hours

0.1 X 60 =06 minutes

0.667 X 60 =40 seconds

50 4000 s = 1 hour, © minutes, 40 seconds

() Tm=100cm

1m? = (100 cm)? =100 % 100 cm?
5.25m?=5.25x 100 X 100 =52 500 cm?

kmw

{
t

In part (b) of Worked example 1.14, you could have used your GDC to
convert 4000 s into hours, minutes and seconds:

& TEXAS ) CASIO )

e

& 4EEE+-36EE
Haae 13:51@1@1111111 1.111111111
A=k 0OMS 4800-+3608 o 2 2
196 ' 4@" 176867 4/
|
ENEEEREE G

See ‘1.3 Time in hours, minutes and seconds” on page 651 of the GDC

chapter for a reminder of how to do this, if you need to.
i' ; . /4
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Worked example 1.15

of the box in:
(a) mm? (b) cm? (c) litres

(a) Method 1:
240mmx 150mmx 110 mm
=3960 000 mm3

Method 2:

24cmx15cmx11cm
=3960cm®=3%960 X (10 mm)?>
=3960x 10X 10Xx 10 =3 960 000 mm?

é
Esmé has a wooden box that measures
24cm X 15cm X 11 cm. Calculate the volume

é

(b) V=24cmx15cmx11cm=3960cm®

(c) V=3960+ 1000 =3.96 litres

‘M

Exercise 1.11

In questions 1-5, convert the units as instructed.

For example, if the question says ‘5.75 litres to ml, give the answer as
5750 ml’.

1. (a) 3500mm to m (b) 276 cm to mm
(c) 4800m to km (d) 352mtocm

2. (a) 5.8kgtog (b) 30gtokg
(c) 1260mgto g (d) 1kgtomg

3. (a) 4.5m?to cm? (b) 685cm?to m?
(¢) 1.4km? to m? (d) 120 mm? to cm?

4. (a) 12m’to cm?® (b) 24000cm?to m?
(c) 1.3cm?®to mm?3 (d) 0.5m?tocm?

5. (a) 7900ml to litres (b) 3.95 litres to ml
(c) 83.3 litres to cm? (d) 687mlto cm?

S A VINAL:
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. (a) A rectangle has alength of 2.5m and a width of 2.8 m.
(b) A cylinder has a height of 1.29m and a radius of 45 cm. Using the

(c) A triangle has a base of length 12.5cm and a height of 53 mm.

(a) How many pieces of ribbon will you have?

(b) How much ribbon will you have left over?

. You want to buy tiles to cover an area 3m long and 1.5m wide. You
choose tiles that are 6 cm square. How many tiles will you need to buy?

cupfuls of 160 cm?.

(a) How many cupfuls will you measure?

(b) How much liquid will you have left over? ¢1 Bm

(b) The concrete path is 8 cm deep. Calculate the volume of concrete

You have 7m of ribbon that you want to cut into lengths of 18 cm.

A large bucket has a volume of 8% litres. You need to measure out

.(a) Timmi is making a path round the edge of her garden.

D VA4 T VA 1IN _ 3 V). AV 4
 lm 3=TTY X ) 4 .‘ e .

Give the area of the rectangle in (i) cm?; (ii) m?.
formula V' =nr*h, give the volume of the cylinder in (i) cm’; (ii) m>.

What is the area of the triangle in cm?*?

weg

Calculate the area of the path (the non-shaded region).

P

that Timmi needs in cubic metres. 51 m

Y

sSumumary \

You should know: ]

k‘ v

i »n

/

the definitions of the natural numbers N, integers Z, rational numbers QQ and real numbers R ‘

how to round numbers to a given number of decimal places or significant figures, and that this
process is called approximation

how to calculate percentage error using the formula ’

v, —v 4
= E‘XIOO% ‘{
Vg,

where vy is the exact value and v, is the approximate value é

A=

how to sensibly estimate the answer to a calculation, and how to use your estimate to check
solutions obtained from a GDC or computer

how to express numbers in the standard form a x 10 where 1 < a < 10 and k is an integer, and how i ‘L
to perform calculations with numbers in this form

what the SI (Systéme International) is and give examples of these units as well as other basic units of
measurement, such as kilogram (kg), metre (m), second (s), litre (1), metres per second (ms™) and
degrees Celsius (°C).

=9k
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&N Nixed exauination Practice
BExanrstule questions

1. Copy and complete the table. One box has been completed for you.

1| — |[Ju|-1

®OIN|Z

v

2. Put the following numbers into the correct set in the given Venn diagram:

m, 12, sin (30°), 0.02, 0, —2

Q To calculate sin (30°) on your GDC,
2(7)) =

you do not need to use brackets;

just press (sin) (3] (0].

3. Calculate each the following and decide which type of number the answer is. For example,

(14+5)+7= 2% is a rational number.

(@) (6+8)+(9-2) (b) 6+(8+9)—-2 (c) 23x26+28
(d) 2xTx6.8 (&) (V222 +(3)2+(/5) (f) 40% of —90
(T8l (I (h) If6(x+3)=x—2thenx=2?
4. In this question, give your answers to one decimal place. 6.85 cm £
(a) Using the formula A =1(a+b)h, where a and b are the 14.97 cm
lengths of the parallel sides and / is the height, calculate v

; 9.23cm
the area of the trapezium.

(b) Using the formula A = 1(bx h), where b is the base and / is the height, calculate the area of the triangle.

s
E 2.98 cm
v

5.65 cm

(c) Using the formula C = 21tr, where r is the radius, calculate the perimeter
of the semi-circle.
2.5m

\ |
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5. Suppose that A = (R> — r?), where R =19.29 and r = 11.01.
(a) Estimate the values of R, r and & to one significant figure.
(b) Use your answers in (a) to estimate a value for A.

(c) Calculate an accurate value for A, using the exact values for R and r. Give your answer to 3 s.f.

++/8.01

1 ;
6. Calculate TR giving your answer to (i) one decimal place; (ii) three significant figures.

7. Given that the diameter of a molecule of Cy, (buckminsterfullerene)
is 1.1 X 10 m, how many molecules would fit along a line 1 cm long?

mass

8. Use the formula density = to calculate the following.

volume
Include units in your answers.
(a) 1m? of plastic weighs 958 kg. What is its density?

(b) Change 1 m’ into cm®.

(c) What is the mass of 10 cm® of this plastic? Buckminsterfullerene.
9. Osmium is the densest known solid. The density of osmium is 22610kgm™.

(a) What is the mass of 0.5 m?3? (b) What is the volume of a piece with a mass of 100 g?

~Pastpaper questions

1. A problem has an exact answer of x = 0.1265.

(a) Write down the exact value of x in the form a x 10 where k is an integer and 1 < a < 10.
(b) State the value of x given correct to two significant figures.
(c) Calculate the percentage error if x is given correct to two significant figures. [Total 6 marks]

[May 2006, Paper 1, Question 3] (© IB Organization 2006)

8)

2. (a) Calculate m [1 mark]
3.60 %22

(b) Express your answer to part (a) in the form a X 10* where 1 <a <10 and k € Z. [2 marks]

(c) Juan estimates the length of a carpet to be 12 metres and the width to be 8 metres.
He then estimates the area of the carpet.

(i) Write down his estimated area of the carpet. [1 mark]

When the carpet is accurately measured it is found to have an area of 90 square metres.

(if) Calculate the percentage error made by Juan. [2 marks]
[Total 6 marks]

[Nov 2007, Paper 1, Question 1] (© IB Organization 2007)
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Algorithms are the building blocks of the modern world. Examples of
algorithms include: the fundamental instructions for a computer; the
procedure that a pharmaceutical firm follows in researching a new drug;
and the strategy that a company uses to organise deliveries of letters and
parcels all over the world.

The words ‘algorithm’ and ‘algebra’ both come from the work of the same
mediaeval Arab mathematician, Al-Khwarizmi, who was a scholar at the
House of Wisdom in Baghdad. Al-Khwarizmi wrote a textbook called
Hisab al-jabr wal-mugabala, which contained the first explanations of
some of the techniques that are still used in modern algebra.

‘Al-jabr’ became the word algebra, a method of generalising problems in
arithmetic.

Al-Khwarizmi’s own name became the word algorithm, a term
describing a powerful scientific way of solving problems.

In this chapter you will meet some of the oldest and most frequently
used algorithms: those used to solve linear and quadratic equations.

Teachers are often asked, ‘Why do we have to learn how to solve quadratic
equations?’ This is a question that is already thousands of years old!

About 3500 years ago, Egyptians and Babylonians (in present-day Iraq)
wanted to know how to calculate the sides of a square or rectangle with
any given area; these problems involved quadratic equations that had to
be solved to find the lengths that they needed.

In modern algebra, if you want to find the dimensions of a rectangle
which has one side 5m longer than the other and whose area is 108 m?,
you could create an equation from the formula for the area of a rectangle:

A =length X breadth
x(x+5)=108
x>+ 5x=108

The Egyptians did not use algebraic methods like those above. They
solved the problems using a set procedure — an algorithm. The solutions
were collected in tables, so that the sages and engineers could look up
solutions for different shapes and different areas.

Today, the problems are still very similar; but instead of using a
prepared table to solve your equations, you can use algebra, a calculator
or a computer.

@ Linear equations

You can recognise a linear equation from its general form:

y=mx+c or ax+by+c=0

W-¢-45) 2%
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The highest power of x (also called the ‘order’) in a linear equation is 1.
When plotted on a graph, a linear equation takes the form of a straight
line: as you can see on the graph below, the linear equations y =5x—3
and 3x+4y—12=0 each give a straight line.

Plotted on the same graph is the equation y = 2* — 1, which does not give
a straight line. This is not a linear equation because it cannot be written
in either of the general forms above; neither general form contains x as
an exponent (a power). Make sure you do not confuse 2x, which is linear,
with 2%, which is not.

y
104
3x+4y-12=0
5
y=2x—11 I:x
-10 -5 5 10
-5
y=56x-3
—10—

Exercise 2.1

1. Identify which of these equations are linear equations and which are not.
(a) y=3x (b) y=£+4 (c) y=7x*-3
X

(d) x=9-5y © x=y=2=0 (O y=-8

2. Which of these are graphs of linear functions?

y
10_‘7 10

Graph A — GraphC 5=

L<

| S T——_0 | ™ | I 0 |
5

®STT—s  ® o 3
Graph D

>

10




Rearranging linear equations

You need to be able to rearrange linear equations into different forms.
Rearranging an equation can be used to find its solution, and is a skill
required so that you can enter equations into your GDC in the correct
format.

Worked example 2.1

{

(a) Rearrange y =5x — 3 into the form:
(i) y—-mx=c (if) y—mx+c=0

(b) Rearrange 3x + 4y — 12 =0 into the form: p’
(i) mx+by=c
(if) by=mx+c

mx+c

d
(@) () y-5x=-3

(i) y=

(i) y-5x+3=0
b) () Bx+4y=12

2
(i) 4y=—3x+12
() y="22

Things to remember when rearranging equations

To rearrange equations, you need to remember some important points about
algebra:

1. Letters are used to represent unknown values; these are called the variables.

2. Each equation is made up of different terms that are separated by either a
‘+’ or ‘~’ operator or the ‘=" sign. The ‘X’ and ‘+’ operators do not separate
terms; they form part of the term.
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continued . . .

- 3. To make a variable the ‘subject’ of the equation, you have to get that variable
on its own on one side of the ‘= sign.
- 4. You might need to apply the inverse operation (‘undo it’) to make the variable
the subject of the equation.
5. You need to apply the same operations to both sides of the equation to keep
it balanced.
6. Remember the BIDMAS order of operations: deal with brackets first (oy

expanding them), then indices (powers or exponents can be reversed by
taking the equivalent root), then multiplication and division (if both are present,
do them from left to right), and finally addition and subtraction (if both are

MY [ OX

)

- present, do them from left to right).

Exercise 2.2

1. The following are all linear equations.
Rearrange them into the general form y = mx + c.

() x-y+4=0 (b) 3x+y=7 () x-9y=15

(d) 53-x)—2y=0 (e) 11(x—y)=10 (f) 2(x-3y—-4)=>5

12 5x 4 L oy=7 2
—x+Zy=9 h)y == =2 py 2=1-=
(@) Jx+3y ) =3 0 ===

2. The following are all linear equations.
Rearrange them into the form ax + by + c=0.

(a) y=5x+4 (b) }’=%(x—5) (c) 32—x)=2y
(d) 3(x—2)=4(y+1) (e) Z?y=3x © 1—25x=y

Solving linear equations

Traditionally, people used graphs or algebra to solve linear equations.
Today, you can solve linear equations using your GDC.

To gain confidence in using your GDC accurately, it is a good idea to try
solving some simple equations using algebra first, and then check the
answers using your GDC. See Learning links 2B on page 42 if you need a
reminder of how to solve linear equations algebraically or graphically.

When you are asked to solve an
equation, you are being asked to find
the numerical value that makes the
equation true after you replace all
instances of the letter with the value;
such a value is called a
solution to the equation.

s 2 Solving equations

”l.'n
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2B Solving linear equations using algebra

To solve an equation using algebra, remember the following points:
e When solving an equation you need to make the variable the subject.

e Make sure you keep the equation balanced by doing the same to both sides
of the ‘=’ sign.

4(x+3) 3 In this example, ‘x’ is the variable, so we need to
make this the subject, i.e. get it on its own.
4(x+3)=(4 xx)+(4x3)

=D By the order of operations, we first need to expand
= — (multiply out) the bracket on the lefthand side.

4x 12— Mu|t||oly each term on both sides of the ‘=’ sign by
2 (to get rid of the fraction).

4x +12 =48 < Subtract 12 from both sides.)

<0 4x =36

1= y Then divide both sides by 4. )

So the solution is x = 9.

e Check that the solution is correct by substituting the value for x in the original
equation:

- 4(92-1-3)=4><212 =4_28=24 < Substitute in x = 9. )

Therefore the solution is correct.

2C Solving linear equations using a graph

You can solve a linear equation by plotting its graph, in the general form y = mx +c,
on the a set of axes (x-axis and y-axis).

Suppose we wanted to find the solution of the equation 5x — 3 = 22.
e Rewrite the equation in the general form y =mx + ¢
and plot the graph of this equation:
y=56x-3

P\
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continued . . .
~ A
ia
|
30
X
e Use the graph of y = mx + ¢ to find the value of x at which the original
equation is true.
From the graph,
y =22 when x =5. If 5x -3 =22, and y = 5x — 3, then y = 22. Find 22 on the y-axis. At the point
bx-383=y=22 where y = 22 meets the graph of y = 5x — 3, read off the x-coordinate from

the x-axis (you might find it helpful to draw the line y = 22 ). The x-coordinate
is the solution.

=15

e Check your answer by substituting the value of x back into the original
equation.

5x-3=22
If x =5, then
5x—3=56%5-3
Ly =25-3=22

The solution is correct.

SNV UL A o



Worked example 2.2

YY) [ O

re

solutions using your GDC.

(a) 5x—8=-14

(c) 3(x+1)=5(x—2)

(a) bx-&=-14
5x=—6
x=-1.2

.| Solve the following equations using algebra, and check your

®) %y+12=2y—3

3-2
X_s

(& =

1
(b) §y+’l 2=2y-3

3
15=2
SV

(c) 3(x+1)=5(x-2)
3x+3=5x-10
13=2x
©65=x

Ay

A O e P A A A A AT s A A A
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continued . ..

Exercise 2.3

Solve the following linear equations and check your answer using a GDC.

1. (a) 5m+8=13 (b) 0.2z—-12=2
(c) 6-2y=38 (d) 3-0.5x=-5
2. (a) 6m—2=3m+8 (b) 5-2f=3+8f (c) 7x—4=10+2x

»

(a) 5(x+1)=312-x)
(b) 0.4(z—2)=1.2(5-2)
(c) 2(y+5)=33-y)

@ =3 0 12-2

>



. The link between
algebra and
geometry was

developed by the French
mathematician and
philosopher René Descartes
(1596-1650). His work
enabled geometrical
problems to be solved
using algebra, and led to
many other mathematical
advances such as calculus.

This course encourages you to solve
pairs of linear equations using your
GDC. In the examination, however,

you can use whichever method you
are most comfortable with.

@ Pairs of linear equations

L

In some situations you may have two unknowns that need to be found.
If there are two conditions involving the unknowns, you can write an
equation for each. For example:

Dean buys 3 chocolate bars and 4 cokes for $12.
Poppy buys 5 chocolate bars and 1 coke for $3.

Let x dollars be the price of each chocolate bar and y dollars the price of
each coke drink. Then we know that:

3x+4y=12and
5x+y=3
This forms a pair of linear equations.

A pair of linear equations means ‘two linear equations containing two
values that you do not know’

Pairs of linear equations are also called simultaneous equations
because both equations are true at the same time (i.e. simultaneously).

Solving pairs of linear equations

You can solve pairs of linear equations, but instead of having to find the
value of one unknown, you need to find the values of two unknowns.
Again, traditional methods include drawing a graph or using algebra
but you can also use your GDC. For a reminder of the more traditional
methods, see Learning links 2D and 2E on page 47.

For most GDCs you will need both equations to be in their general
form in order to use them (for example y = mx + c). Make sure you are
confident in rearranging equations because your GDC cannot do it for
you. (See Learning links 2A on page 10 if you need a reminder of how to
rearrange equations.)

2o

Worked example 2.3 /
1

Q. | (a) Use your GDC to plot the graph of each equation and hence \

solve the following pair of linear equations: JJ

a

. +x= 2 —+ =] <

Rearrange the equations yrx and y+3x=0 {

so that they are both in the Al @) y+tx=2 y+3x=0 {
general form y = mx +C. y=2-% y=—3x (
Yi=—X+2 Yo =—3X {

— ]

. ,/"‘*—x-»... a‘..J-A.A_‘__‘;",>/"‘ T e e o A //"“u'm k‘__‘»A-J
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continued . .
I\ ™

Inttr‘sectmn

x==Tandy=3.

(b) Use your GDC to solve the following pairs of linear equations
using an algebraic method:
5x+2y=13 and y=x-4

(b) Bx+2y=13 y=x—4
(The equation is already —x+y=—4%
inthe required format.)

1exas ) (&P _casio )

arHtbrt'=Cr
3

—

MMLMA-MWLMAMA-/

2D Solving pairs of linear equations using algebra

Using elimination, solve the equations x + 2y =12 and x — y = -3.
1. Number each equation:

x+2y=12 (1)
x-y=-3 (2

ANl IS
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continued . . .

2. Subtract one equation from the other (or add them) to remove one of the

unknowns.
In this example,
(1) = @) will x=x+2y=(=y)=12=(=3)
Y eliminate x and 3y =15
leave us with -
) 2 just y. =
‘ 3. Substitute this value of y into one of the original equations to find the value
i of x.

y=5=>x-5=-3
' C Use equation (2). > o

4. So the solutionis x =2 and y = 5.

Using substitution, solve the equations 5x +2y =13 and y = x — 4.

~

1. Number the equations as before:

5x+2y=13" (1)

4
In this example, e
it is more 2. Substitute one equation into the other to eliminate one of the unknowns.
convenient to
substitute (2) Sx+2(x~4)=13
into (1). So, in S5x+2x-8=13
equation (1) ‘y’ 7x=13+8
is replaced by v |
\_ x—4. ) i3
3. Substitute the value of ‘x’ into one of the original equations.
Here we have
used equation (2). o B e e e i o

-

So the solutionis x=3and y = -1.

2E Solving pairs of linear equations using graphs

You can solve pairs of linear equations by plotting their graphs, in the general
form y = mx + ¢, on the same set of axes (x-axis and y-axis).

Suppose we wanted to solve the following pair of linear equations: 2x + y = 8
andx—-y=1.

4

DA L. i

7-{-45.%¢
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continued . . .

- 1.

2.

Plot them on the same set of
axes.

Find the intersection of the
lines (the point where the two
lines cross); this is where the x
and y values are the same for
both equations. The x and y
coordinates are the solutions
to the equations, so x = 3 and
=2

X
- | HEEEE S
y=8-2x
)
v
0.
H
}
=x-—1
s
)
D 1 v [
2 ! 3
4
2
Ly
= Py
|
y=8-2x
)
v
0.
4
}
=x-1
X
(2]
9] 4 V) =
2 !
4
2

3. Check the answer by substituting these values into the original equations:

Exercise 2.4

2x+y=8

2x3+2=8 E

Solve the following pairs of linear equations with your GDC.

1. (a) y=x+5andy=2x-3
(b) y=3x—-5and y=10—-2x
(c) y=5—-2xand 4x+3y=14
(d) 2x+3y=42and3x=4y—-5
(e) 5x+3y+11=0and 2x—4y=10
(f) 2x+7y—9=0and 3x—-5y=6
(g) y+2=xand y=1.8x—4.88
(h) 7x—6y+12=0and 4x+3y—-9=0

N

)/

L XU

x—y=1
3-2=1

Do you think that it
is easier to work

out the solution to
a problem if you can see it
as a picture? Think about
solving pairs of linear
equations: which method
is the clearest for you?
Using algebra, graphs or
technology (GDC)? After
you have solved the
problem, which method
has given you the best

understanding of the
answer?




2. (a) 0.78s+0.54t=1.96 and 3s — 2t =23

1 9
(b) 0.59s+§t=; and 1.7s=3.1t+ 8.4

7 2 8
(c) —8s+4t+—=0 and s——t=—
y | 6 311

1
(d) 0.1255s+0.61t—45=0and Zs—l.l5t= 11

Solving practical problems involving pairs of
. linear equations

y Pairs of linear equations can be used to solve practical problems that you
B might come across in everyday life.

{
Worked example 2.4
Q. | One day, Kazuo orders three drinks and two pizzas from a pizza :
restaurant in town. The total cost comes to $7.95. The next day, 1
Kazuo orders five drinks and three pizzas. This time he pays $12.42. {
He expects his friends to pay him back for these purchases. But
what is the cost of one drink? And what is the cost of one pizza? i
y
N o
R J Read the question, and )
‘ CREEDEN letter.s.for s A.| Let x be the cost of a drink and y the cost of a pizza (in dollars). ;
unknown quantities that ;
you are trying to find. f
¢ AN f
¢
r
< ‘ Translate the statements A r{
vy * in the problem into
algebraic equations: j
\' you know that on the ¢
o first day Kazuo bought > Equation for the first day: 2x + 2y="7.95 y
l three drinks (8x) and two Equation for the second day: 5x + 3y=12.42 {
pizzas (2y) for $7.95, so -‘
, you can write this as an y
equation: 3x + 2y = 7.95. - CASIO ?
l 8 ) @ ) 4
g e ' T ar;H+l'Jr'-"r'='3h d
- Solve the pair of equations 21 B30 [ PR )
using your preferred L
method; here we have > )
n used the equation solver — .33 }
- on the GDC. AINIHODENETERN 10 IF AFD }
‘ AN ) [
4 _» ‘
Y. " pu » " Y. - N ‘

= YA a2V T
- ) X V}L 4 ’ - A }i 4 \ | 4 B ~uill i V
v s >y 4 \ - P i ' e | [ |
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continued .

( Write down the answer. > ‘ x=0.99andy=2.49

Kazuo can tell his friends that a drink cost $0.99
and a pizza cost $2.49.

AL r'-. i N
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Exercise 2.5

1. Two litres of milk and three loaves of bread cost 101 roubles.
Three litres of milk and one loaf of bread cost 85 roubles.

Using the information above, we can form the equation:
2m+3b=101

where m is the price of a litre of milk and b is the price of a loaf of
bread in roubles.

(a) Form another equation using the information from above.

(b) Hence solve the pair of equations to find the values of m and b.

2. Zainab and Zahra bought some chocolates from the duty free shop
in Dubai. l I
B

Zainab bought 5 bars of Miniature Snickers and 3 bars of Twix 't
Classics for a total of 126 AED. i

Zahra bought 6 bars of Miniature Snickers and 2 bars of Twix 4
Classics for a total of 100 AED. A

Zainab’s purchases can be represented by the equation:
55+ 3t=126

where s is the price (in AED) of a Snickers bar and ¢ is the price of a
Twix bar.

(a) Write an equation to represent Zahras purchases.

(b) Solve the pair of linear equations to find the price of each bar of
chocolate.

3. The sum of two numbers is 97 and the difference between them is 23.

By representing the larger number as x and the smaller one as y,
write two separate equations for the sum and difference of the two
numbers. Solve the equations to find both numbers.

4. Anton and Simone went to a music shop. They decided to buy the
same CDs and DVDs. Anton bought five CDs and three DVDs for
£104.92. Simone bought two CDs and seven DVDs for £128.91.

\
Q
N
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An equation for Anton’s purchases can be written as:
5c¢+43d=104.92

where ¢ and d are the unit costs in pounds of the CDs and DVDs,
respectively.

(a) Write another equation to represent Simone’s purchases.

(b) Hence solve the pair of equations to find the unit costs of the
CDs and DVDs.

. 'Three packs of batteries and a calculator cost £23.47. Five packs of

batteries and seven calculators cost £116.45. Solve the appropriate
simultaneous equations to find the costs of one pack of batteries and
one calculator.

. New Age Computers sells two models of laptop: easy-click and

smooth-tab. Three easy-click and four smooth-tab laptops cost
$2987. Two easy-clicks and five smooth-tabs cost $3123.

(a) Form a pair of linear equations to represent this information.

(b) Solve the equations to find the unit cost of each type of laptop.

. Two adults and five children pay a total of $120 for a coach journey.

Three adults and seven children pay a total of $172.50 for the same
coach journey.

Find the total cost of tickets for eight adults and 11 children
travelling on the same coach journey.

. A mathematics test consists of shorter and longer questions. Each

shorter question is worth 6 marks and each longer question is worth
11 marks.

Mrs Pavlov sets a test with 15 questions and a total of 120 marks.
By forming the appropriate equations and solving them, find the
number of questions of each type on this test.

. In the diagram below, the straight line ST, with equation

3x—y+ 7 =0, intersects the coordinate axes at the points S and T.

(a) Find the coordinates of the y
points Sand T. ‘7

A different straight line,
with equation 2x +y + 3 =0,
intersects the line ST at the
point R.

(b) Find the coordinates of the
point R.

(2

\A
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@ Quadratic equations

Quadratic equations can be recognised by the x? term, which they always
contain.

The general form of a quadratic equation is ax* + bx + ¢ =0, where a # 0 @
(but b and ¢ can be zero).

Remember that # means ‘is not equal
For example, the following equations are quadratic: to’ or ‘does not equal’.

2x*+3x—4=0 The equation hasa=2,b=3 and c=—4.
—4x=0 The equation hasa=1,b=—4and c=0.
4x*-49=0 The equation has a =4, b=0and c=—-49

When plotted on a graph, a quadratic equation y = ax* + bx + ¢ forms
a curve that has one turning point and a central line of symmetry. This
type of curve is called a parabola.

To plot the graph of a quadratic equation, it needs to be rearranged into
the general form y = ax? + bx + c. If a is positive, the curve will have a
minimum point; if a is negative, the curve will have a maximum point.

y=-x2+3x+5

| |
-4 -2 2 4

»

Minimum point because a is positive Maximum point because a is negative




.

A parabola is a very important shape.

If you throw a ball, the ball takes the path of a
parabola; you can use this fact to predict the best
angle at which to serve a tennis ball.

Satellite dishes are parabolic, because this shape
concentrates all the radio waves into one focal point.
The jets of water from a fountain also follow a parabolic
shape; this is helpful in predicting the paths of large
quantities of water.

The parabola is a useful shape in engineering. When
you pass bridges, have a look at their shape and see
how many of these are parabolic.

You will learn more about parabolas in Chapter 18.

Worked example 2.5

Add 2x to both sides, and
subtract 5 from both sides.

S

The x? term is dividing the
number 4, so we actually have
L or x2, not x2. (See Learning
links ‘7B’ on page 24 if you
need a reminder of negative
indices.)

N

)

S

@ Expanding the brackets gives

you an x?term.

Q. | Look carefully at the following equations. Identify the

quadratic equations and rearrange them into the form
ax?+bx+c=0.

(a) x*=5-2x (b) 3+x*=5x (c) 3—2x=i2
x

(d) 4+x(x+2)=0 (e) x*=7 (f) 11=ux?+2x7"

A. | (a) x*=5-2xisaquadratic equation.

Rearranging gives x> + 2x —5=0

(b) 3+ x°=5xis not a quadratic equation because it
contains an x° term.

4
(c) 3-2x= w3 is not a quadratic equation because it

contains x~2 rather than x2.

(d) 4+x(x+2)=0/is aquadratic equation.
Rearranging gives:
44+x2+2x=0
X?+2x+4=0

-ty JYS .
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continued.. . .

1’1x=x2+21
X

11x2=x%+2
xo—=11x2+2

Y s W B A "N‘-‘“ *—t.%-&'n’}"‘

Exercise 2.6

1. Determine which of the following are quadratic equations.
(a) 5x2=7 (b) 4—-x*=0 (c) ¥*+x*—7x=5
(d) = 11x+28=0 () %+3x—2=0 (f) 10-x-9x°=0
(g) 3x2+%—6=0 (h) 0=1+x+x? (i) —x>—4(x+1)=0
2. Six graphs are shown below. Indicate which of them represent
quadratic functions.

y Y
104 104

Y

5— 5—
B

Y [ OA

(e) x*=7is aquadratic equation.
Rearranging gives x> —7 =0

(f) 11x=x?+2x"is not a quadratic equation, it is cubic

Multiplying each side by x:

3. The equations of some quadratic functions are given below. Indicate
whether the parabola will have a minimum or maximum point.

(a) y=2x—x* (b) y=x*—10x+2
() y=2x*+3x—-5 (d) y=56+x—"7x>
4. Rearrange the following quadratic equations into the general form
ax’>+bx+c=0.
(a) x¥*=—x (b) x*—2x=3 (c) 4x*=4—-x
(d) 6 —x*=-5x (e) x*+5x—8=7 (f) 8—6x=15—«?
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Solving quadratic equations

@ To solve a quadratic equation, you need to find the value(s) of the
unknown variable that makes the equation ax?+ bx + ¢ =0, true. In other
Remember that the solution(s) of an words, the value(s) of x that make ax? + bx + ¢ equal zero.
equation are the numerical value(s)
for the variables that make the You might have noticed that we talked about the ‘value(s)’ of the

equation true. unknown variable. The ‘(s)’ signifies that there can be more than one
value for the variable. For quadratic equations, there are actually three
possible outcomes of solving the equation:

? e no solution

y e one solution

e two solutions.

When the equation has two solutions, this means that there are two
values of the variable that will make the equation true. But be careful,
you do not substitute both values into the equation at the same time!
You substitute one or the other solution, and either one will be correct.

For example, the solutions to the quadratic equation x*> — 9x + 20 =0 are
x =4 and x = 5. It is wrong to substitute both 4 and 5 into the equation at
the same time: 42 — (9 X 5) + 20 # 0.

Instead, you should substitute x = 4 into the equation to check it works,
and then substitute in x = 5:

whenx=4, (4x4)—(9%x4)+20=16-36+20=0

and

when x=5,(5X5)—(9%X5)+20=25-45+20=0
Both x =4 and x = 5 are solutions.

Different maths books may use different names to refer to the solutions
of quadratic equations. They are sometimes called ‘zeros’ or ‘the roots of
an equation’ rather than ‘solutions.

Like the other types of equation we have met in this chapter, a quadratic
equation can be solved using algebra, by drawing a graph or using your
GDC. The GDC makes it much quicker to solve the equation. However,
it is a good idea to also know how to solve quadratic equations using the
more traditional methods of algebra or by drawing a graph, so that you
@ can use one method to find the answer and another to check the answer.

For more about how to use the more traditional methods to solve
It is a good idea to learn both quadratic equations, see Learning links 2F and 2G on pages 58-59.

iijerb(raaIIDCC)a;r?dgtgzzglr%a; r:;:}gizgg There are two different ways you can use your GDC to solve quadratic

with using them. In examinations equations. You can plot a graph and see where the graph crosses the

questions can be set that test your x-axis, or you can use an equation solver.
knowledge of either.



Worked example 2.6

.| Solve the equation x> — 4x — 5 = 0, where the solutions are integers.

@D Exs ) EP_casio )

'|'1=H"E-'1H-\5\ / "r'1=HE—4Hf

|
L

x=—Torx=5

Remember that an integer is an
number: positive, negative or zel

TEXAS

ag xi+ai x+an=E
1 B
wr=-1

AININODENCOEFN =TO NF4kD

x=—Torx=5

N"M*‘Mw*‘
Worked example 2.7

Q. | Solve the equation 2x* — 5x + 1 = 0, where the solutions are not
integers.

@D T=xs ) EP_casio )

/ W1=2H2-5x+]

J
(VA

=0

#=g. 2801"1EUDE
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continued . . .

VA

x=0219 (35f)
x=2.28(35f)

axE+bhy+c=0

tel-2156]

!
)
) CASIO ) (

2. 2887 Te486

AINIHODENCOEFN 570

x=0.219 (3 5f)
x=228(35f)

~

\J"“M*‘MMNM»J,‘M

2F Solving quadratic equations using algebra
When the equation is given in the form (x — p)(x —q) =0

Suppose that you are asked to solve (x — 5)(x + 1) = 0.

One of the brackets, (x — p) or (x — g), must equal zero because only multiplying
by zero will give zero! Write an equation making each bracket equal to zero to
work out the possible values of x.

So, if (x—5)=0then x=5

Orif (x+ 1) =0, then x = -1

Hence the solutions to this equation are x =5 or x =—1.

When the equation is given in the form ax>+bx+c=0anda =1

Suppose that you are asked to solve x> — 2x — 3 =0.

This equation needs to be factorised before it can be solved. To factorise means
to put into brackets so when a = 1, factorising means that ax? + bx + ¢ becomes
alx + p)(x + g). In this example, you need to think about what value of p and what
value of g would add together to give you —2 (the number ‘b’ in front of x) and
multiply together to give you -3 (the constant ‘c’)

X UKL ]IV AL
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In this case, p = -3 and g = 1 would work, because @

—B3+1==-2
-3x1=-3

So we can rewrite x2 —2x — 3 =0 as

(x=3)(x+1)=0

Don’t worry if you find it diffic
to factorise. You can always
use one of the other method

to solve the equation.

and then use the process shown in the previous example to find that

5-=-3- Of-e=-—}|

Be careful when factorising because the relationship is more complicated than
demonstrated here when a # 1.

2G Solving quadratic equations using a graph

Suppose we wanted to solve the equation —2x? — 3x = -5.

1.
Add 2x? + 3x to

both sides of the
original equation.

2x°+3x-5=0

2. Plotthe graph of y=ax?+bx+c

y=2x>+3x-5
Y
44
o]
y=2x2+3x-5
X
| | g
-4 2 4

R AT DL W UL
1Zin B7@& b, Vi bz_\

First make sure that the terms are arranged in the general form ax? + bx + ¢ =0.

. You know that the solution(s) to

the equation ax? + bx + ¢ = 0 is
the value of x that makes it true;
the equation is true when y = 0. On
any graph, y = 0 where the graph
crosses the x-axis; the x-values at
these points are the solutions. This
means that a quadratic equation
could have the following number of
solutions:

e zero, if the graph does not
meet the x-axis at all

e one, if the graph meets the
x-axis at only one place

e two, if the graph crosses the
x-axis at two points.

In the example, the graph cuts the
x-axis at the two points (2.5, 0)
and (1, 0).

This means that the quadratic
equation 2x? + 3x — 5 = 0 has two
solutions:

x=-250rx=1
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Exercise 2.7

1. Solve the following quadratic equations using your GDC.
(a) 3x*+x—4=0 (b) 7x*—18x+8=0

(c) —6x*—11x+10=0 (d) —0.5x*+4.8x+6=0
(@ Lx?—sxt1=0 () —2x2+2x41=0
3 7 3

2. Rearrange these quadratic equations to the general form, and then
solve them using your GDC.
(a) 2x*+3x=2 (b) 3x*=9-11x (c) 13=x*+7x

(d) 3—-6x2=7x (e) x(4x—5)=8 ) 4—x(9x+1)=0

3. Solve the following quadratic equations.

(a) 1.5x*—2.3x—-4.7=0 (b) 8x*+13x=11

(c) x(2x—7)=5 (d) 4.1x*—17x+3.2=0
1 6
+2=— f) x=
(&) * x @ = 3x+1

Solving practical problems involving
quadratic equations

At the beginning of this chapter, you saw an example of the type of
problem considered by Egyptian engineers thousands of years ago.
Quadratic equations are still very useful in solving practical problems
you might encounter in everyday life. For example, you can use
quadratic equations to find out the area of a rectangular or circular space
for a given perimeter, or estimate the time it takes for a stone to fall to
the bottom of a well.

Worked example 2.6 J:

Q. | A farmer has 30 m of fencing to make a safe rectangular enclosure
(a ‘pery) for his lambs. He can use a wall to make one side, and the
fencing to make the other three sides. He would like the area of
the enclosure to be 108 m?. Find the length and width of this pen.

A,

30 - 2x

—

Y DAL,
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continued . ..

LAY/

Area of rectangle = length X width
Area=x(30 — 2x)

X(30 - 2x) =108

20x—2x2=108
—2x?4+30x—-108=0

1Exas ) (EP_casio )

az i3t x+an=H ar+bE+c=0
x1 83 -
WE =

HAININODENCOEFN 570 IF 4D

x=9o0rx=06

&MA'MW&M‘MAM

fx=9,then30-2x=30-2Xx9="12m
fx=06,then30-2x=30-2X6="16m

If x =9, the dimensions are 9mby 12 m.
If x =6, the dimensions are 6mby 1&m.

R R TN e e s

Exercise 2.8

1.

The product of two consecutive positive integers is 306. If the smaller
number is #, write an equation in the form an’+ bn+c=0to
represent the product of the numbers. Hence solve the equation to
find the two numbers.

N

The length of a rectangle is 7 cm more than its width. It has a
diagonal of length 13 cm.

(a) Write down a quadratic equation in x, using the information you
have been given. (Hint: You may use Pythagoras’ theorem.)

(b) Solve this equation to find the dimensions of the rectangle.
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3. The lengths of the parallel sides of a trapezium are xcm and
(x + 6) cm. The distance between the parallel sides is (x — 2) cm, and
the area of the trapezium is 150 cm?.

(a) Form a quadratic equation in terms of x for the area of the
trapezium.

(b) Solve the equation to find x.

(c) Hence find the dimensions of the trapezium.

4. A stone is thrown directly upwards. The height of the stone above
ground level, i metres, after t seconds is given by the formula:

h=13+8t—1.9¢

(a) Calculate the time it takes for the stone to reach a height of 20m
above the ground.

(b) How long does it take before the stone hits the ground?

You should know:

* how to recognise the following types of equation:
- linear equations have one unknown and the general form y=mx+corax+by+c=0
- pairs of linear equations contain two unknowns, e.g. x and y

- quadratic equations have one unknown and the general form ax?+ bx + c=0 where a #0
(but b and ¢ can be 0)

o that rearranging equations is required in order to solve them, even if using your GDC
* how to use your GDC to solve:

- linear equations with one variable

— pairs of linear equations with two variables

- quadratic equations

by

- drawing a graph

- using the equation solver

and be confident using both methods.




Mixed exanination practice
Exaystule questions

1. Solve the equation 2(x — 3) + 5x = 36.
2. Solve the following pairs of simultaneous equations:
(@) x+2y=3and4x+3y=2
(b) 3x+7y—20=0and 11x—8y+5=0
(c) 5x+8y+2=0and 6x—y+19=0
3. Solve the following quadratic equations:
(a) (7x—2)(3x—1)=0 (b) x*-3x—-9=0
(c) x¥*+2x=34 (d) ¥*=7x+15 (e) 7.5x*—6x=9.8

4. Igor and Irishka are returning from a trip to India. They have bought presents for their friends
and family.

Igor bought 4 bracelets and 3 pendants for 5529 INR (rupees).
Irishka bought 2 bracelets and 5 pendants for 6751 INR.
(a) Form two simultaneous equations, using the information given.
(b) Solve the pair of equations to find the price of each bracelet and each pendant.
5. 'The line with equation y = mx + ¢ passes through the points with coordinates (1, —5) and (4, 4).

(a) Write down two equations to represent the fact that the line passes through the two points
given above.

(b) Solve the equations to find the values of m and c.
(c) Does the point (—4, 11) lie on this line?

6. Safe Power supplies electricity to the Ahmed household. The bill for a three-month period consists
of two parts: a fixed (standing) charge and a usage charge. The total charge per quarter, C, in pounds
can be represented as C = a + bn, where a is the fixed charge per quarter, b is the unit charge (per kWh
used), and 7 is the number of units (kWh) used in that quarter.

Last quarter the Ahmeds used 820 units of electricity and paid £106.24.
In the previous quarter they used 650 units and paid £85.84.

(a) Write down two equations in the variables a and b.

(b) Find the values of a and b.

(c) How much can the Ahmeds expect to pay next quarter if their estimated electricity usage is
745 units in the next three months?




7. A rectangular field has length 18 m longer than its width. If the area of the field is 760 m?, calculate the
‘ dimensions of the field.

8. A ball is projected vertically into the air from ground level. After ¢ seconds, the ball reaches a height of
h metres. The equation for the flight of the ball can be expressed as:

h=11t-2.3¢
(a) How long does it take the ball to reach a height of 10 metres?

(b) Calculate the time it takes for the ball to return to ground level.

~Pastpaper questions

1. A store sells bread and milk. On Tuesday, 8 loaves of bread and 5 litres of milk were sold for $21.40.
On Thursday, 6 loaves of bread and 9 litres of milk were sold for $23.40.

If b = the price of a loaf of bread and m = the price of one litre of milk, Tuesday’s sales can be written as
8b +5m =21.40.

(a) Using simplest terms, write an equation in b and m for Thursday’s sales.
(b) Find b and m.

(c) Draw a sketch, in the space provided, to show how the prices can be found graphically.

[May 2007, Paper 1, Question 12] (© IB Organization 2007) [6 marks]
2. It is not necessary to use graph paper for this question.

(a) Sketch the curve of the function f(x)=x>-2x*+x-3
for values of x from —2 to 4, giving the intercepts with @

both axes.
f(x) is function notation and you will
3 k
Bars] cover this in Chapter 17; for this
(b) On the same diagram, sketch the line y = 7 — 2x and question, just think of it as y ="

find the coordinates of the point of intersection of the
line with the curve.

[3 marks]

[Nov 2007, Paper 2, Question 1(ii) (a),(b)] (© IB Organization 2007 )

\ |
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(oI gy Arithmetic and
RS geometric sequences
and series ‘-

qn this chapter you will learn:

e about arithmetic sequences
and series, and their
applications

e about geometric sequences

and series, and their

applications.

A mosaic from within the Sultan Qaboos Grand Mosque, Mustat, Oman.

Patterns are everywhere. Some people recognise them most easily in art,
others in music or poetry. There are also patterns in numbers that can
help you to understand mathematical ideas better.

Q Arithmetic sequences

A sequence is an ordered list of numbers. In some sequences, the R 4
numbers have a regular pattern to them. Look at the sequences below. - (
Each has been represented as a graph that plots the position of each

term in the sequence against the term’s value. If you look at either the

list of numbers or the graph, you will see that there is a pattern in each f
sequence, and you can use this pattern to predict the next few numbers.

&
1. 4,7,10,13,16, ... 204 8
’ «

15 ‘ ‘




~

1—,1,3,9,27,.“
3

50, 45, 40, 35, 30, ...

512,256, 128, 64, 32, ...

30

25

20

Term

10

Position

Term

——p
N
W

Position

~—

o1

o=

600
500
400
5 300
kS
2004

100

| | |
1 2 3

Position

o~

[ =

o —
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6. 1,3,6,10,15,... 20

Position

Look at either the number pattern or the graph. To get the next term, in
which sequence would you:

e subtract 52

e multiply by 3?
o divide by 2?

e add3?

Two of the sequences are more complicated. Which are they? Can you
find a pattern and describe how each of these sequences is built up?

Look again at the graphs of sequence 1 and sequence 4:

1. 20
15—
€
o= 1 O_ [}
°
L]
5_
[ ]
T T T
0 1 2 3
Position
4 504 .
L]
40— .
30—
£
°
20—
10—
T T T
o 1 2 3
Position

A

TR

.._Q]

/A



QA MENTY | O o

Notice that for each sequence, the plotted points lie along a straight line;
the line is increasing in the case of sequence 1 and decreasing in the
case of sequence 4. A sequence like 1 or 4 above is called an arithmetic
sequence or arithmetic progression: the number pattern starts at a
particular value and then increases, or decreases, by the same amount
from each term to the next. This fixed difference between consecutive
terms is called the common difference of the arithmetic sequence.

Look at sequence 1:

The sequence starts at 4, and increases by 3 for each subsequent term.
+3 +3 +3 +3
TS D> O >
4 7 10 13 16

7—-4=10—-7=13-10=16 — 13 =3, so 3 is the common difference of
this sequence.

Now look at sequence 4:

The sequence starts at 50, and decreases by 5 for each subsequent term.
-5 -5 -5 -5
> D> > >
50 45 40 35 30

45 — 50 =40 — 45 =35 — 40 =30 — 35 =5, so —5 is the common
difference for this sequence.

Exercise 3.1

1. Which of the following are arithmetic sequences?

() 1,2,4,8,16, ... (b) 2,-2,4,-4,8, ...
(c) 2,9,16,23,30, ... (d) 14,8,2,-4,-10, ...
(e) 2,3,5,8,13, ... (f) 5,12,19,26,33,...

2. For each of the following arithmetic sequences, state the common
difference and find the next three terms.

(a) 58,11, _,

_

(b) 2) _1) _4s R B
(c) 350,317,284, ., ., ...
(d) 189,210,231, _,_,_,

(e) 28.7,32.9,37.1,

R R )

(f) %1 %’ 2’ _—) ) )
4 26 119
(g) 7’21’ 721

(h) 2x+7,x-2,-11, _, _,__,...
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The nth term of an arithmetic sequence

We may want to know the value of a particular term in an arithmetic
sequence, for example, the tenth term. We can use algebra to represent
the terms of a sequence using the letter u and the position of each term
in the sequence by a subscript number:

1 2 3 4 n—1 n

u u, U, Uy e Uy, u,

u, = first term, u, = second term, u; = third term and so on. A general
term in a sequence is called the nth term. A term that is at position # in
the sequence would be represented by u,, and the term before u, would
be represented by u,_;.

There is a general formula to calculate the nth term of an arithmetic
sequence:

)
|

u, =u, + (n — 1)d, where d is the common difference. )

The general formula allows you to calculate the value of any term in an
arithmetic sequence, so long as you know the value of the starting term
(u,) and the common difference (d).

Worked example 3.1

Q. | (a) Ifu,=5and d=4, find ugz and u,,.
(b) For the sequence 8, 7.5, 7, 6.5, ... calculate u, and us,

(@ u,=u,+(n="1)d
Us=5+(8-1)X4=54+7x4=33

Us=5+(14—1)x4=5+13x4=57

(b) Inthis sequence, u, =& and d=-0.5.

Uy=8+(9—1)X(-05)=8-4=4

Uso=8+(49=1)X(-0.5)=8—-24=-16
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3A Deriving the formula for the nth term of an arithmetic sequence

The pattern in an arithmetic sequence can be used to analyse its structure and
to find the general rule that allows you to calculate the value of any term in the
sequence.

_—

Look the sequence 5, 9, 13, 17, 21, ...

The first term is 5, and the common difference is +4.

Write out the terms in a way that helps you to spot a pattern:

t=-5 t=5
U,=5+4=9 u,=5+4 Adding one 4

U;=9+4=13 Us=5+4+4 Adding two 4s
u,=13+4=17 |u,;=5+4+4+4 |Adding three 4s

Notice that to get u;, you have to add 4 to the first term and then add 4 again,
i.e. you need to add 2 lots of 4 to the first term.

To get u, you have to add 3 lots of 4 to the first term.

The pattern shows that the number of times you need to add 4 is one fewer than
the term number:

Uuy=u;+@4-1)x4

Now replace the numbers with letters: n for the position of the term in the
sequence and d for the common difference. Then according to the pattern, to
find any term (at the nth position) in the sequence, you:

take the first term, u,, and then add the common difference, d, one time fewer
than the term number that you need.

This is easier to write as a formula:
Uu,=u;+n-1)xd

Let us check using a different sequence.

Consider the sequence 100, 95, 90, 85, 80, ...

The common difference is —5. Substitute the values of n and d into the formula
and see if you get the correct values for the terms of the sequence:

u, =100

U, =100 + (2 — 1) x (-5) =100 — 5 = 95
Us =100 + (3 = 1) x (-5) = 100 = 10 = 90
Uy =100 + (4 — 1) x (-5) = 100 — 15 = 85

It works!

This is true for all arithmetic sequences.

vy D 4
£7-17-¢
r b Pa
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Exercise 3.2

1. In each of the following sequences, you are given the first term u, and
the common difference d. Find the requested terms of the sequence
using the formula for the nth term.

(a) u, =7, d=6; find the 19th and 27th terms.

(b) u, =36, d=21; find the 20th and 40th terms.

(¢) u, =84, d=-13; find the 3rd and 17th terms.

(d) u, =-23, d=11; find the 16th and 34th terms.
(e) u, =-156, d=29; find the 10th and 18th terms.
(f) u,=1080, d =—15.6; find the 8th and 21st terms.
(g) u, =268, d=-16; find the 41st and 69th terms.
(h) u, =59.4, d=12.3; find the 31st and 55th terms.

i) w= ;, d= é; find the 18th and 27th terms.

2. For each of the following arithmetic sequences, calculate the terms
indicated.

(a) 2,5,8,...;7thand 11th terms

(b) 16, 23, 30, ... ; 20th and 31st terms

(c) 35, 39,43, ...;9th and 40th terms

(d) 0,4, -8, ....; 23rd and 30th terms

(e) 2,-7,-16,...; 11th and 29th terms

(f) 120,77, 34, ... ; 10th and 27th terms

(g) 0.62,0.79, 0.96, ... ; 18th and 35th terms
5 29 19

(h) —,— .. ; 7th and 21st terms
9’36 18

(i) 5x+2,6x+7,7x+ 12, ...;13th and 20th terms
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Using the formula to find values other than u,

The general formula can be used in a number of different ways
depending on what you know about the sequence and what you want to
find out.

If you know the value of the first term and the value of any other term in
the sequence, you can work out the common difference, even if you do
not have all the terms of the sequence.

If you know at least three consecutive terms (terms next to each other) in
a sequence then you can work out the common difference easily. If you
also know the last term of the sequence, you can work out how many
terms there are in the sequence.

Worked example 5.2

The fourth term of an arithmetic sequence is 17.
The first term is 5.

Find the common difference.

Method 1:

> > O
5 ? ? V7 By B oo

3d=17-5

Bd=12
d=4

Method 2:
u,=u;+(n="1)d
u=5andu,=17,5017=5+4-1)xd

e e T T P

17=5+3d
17-5=3d
12=3d
d=4

S

JN_AMM-&JW,‘

S A VINAL:
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Worked example 3.2

Q. | Find the common difference and the number of terms in the
sequence 49, 43, 37, ..., 1.

d=43-49=—0¢
Method 1:
u,=u,+(n="1)d

1=49+(n—1)x(-6)

I=a®=elli=") Solving linear
6(n—1)=49-1 equations was
6(n—1)=46 covered in Chapter 2.
n—-1=6

n=9

There are 9 terms in the sequence.

Method 2:

TExas )
49
49
Ans-&
43
Ans—-&

1 is the 9th term.

So there are 9 terms in the sequence.

W



SeWH

DA
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ontinued . . .
Method 3:

u,=u,+(n="1)d
1=49+(n—-1)x(-06)

6(n—1)—48=0
TEXAS
Ein—12-48=H

hound={-1£99, 1..
s left-rt=

Sometimes you might know two terms in a sequence that are neither
the first term nor consecutive terms. In these circumstances, it is a little
more complicated to calculate the common difference, but it is still
possible. You can use the formula for the general term u,, and the terms
that you do know, to write a pair of linear equations to solve.

Worked example 3.4

#=3 #=9
=
ft—rt=6
There are 9 terms in the sequence.
s T e e

. TGPy

If the third term of an arithmetic sequence is 12 and the
eighth term is 27, find the first term and the common
difference.

u,=u;+(n="1)d
Us=u; +(3—="Td so12=u,+2d
Ug=U+(E&—1)dso27=u,+7d

A,
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Exercise 3.3

1. In the following arithmetic sequences you are given the first term and
one other term of the sequence. Find the common difference in each

case.
(a) u,;=7and u;3=58 (b) u,=45and u,,=117
(¢) uy=-17 and u,, =214 (d) u,=25.9and u,;,=-40.8
(e) u;=87 and u,; =-240.6 (f) u,=—40and u,, =88
(g) u,=-135and u;;=307 (h) w,=19.7 and u,, =—43.3
(1) u,=66.1 and us, =-27 () u,=19.84 and u,,, = 76.703
2. Find the number of terms in each of the following arithmetic

sequences. You are given the first three terms and the last term in

each case.

(@) 5,7,9,...,75 (b) 15,18,21,...,93

(c) 64,77,90, ...,649 (d) -6,7,20,...,488

(e) 49,60, 71, ..., 643 (f) 80.8,75.9,71, ...,—404.3
(g) 37.95,34.3,30.65, ... ,—126.3

(h) 126.4,117.95,109.5, ... ,—498.9

(i) 167,133,99,...,-1363
(j) 1083, 1064, 1045, ..., 0

R AT L W
Y €/ b Vi
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The position of a term in a sequence
has to be an integer.
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3. Find the first term in each of the following arithmetic sequences. In
each case you are given the common difference and one term in the
sequence.

(a) d=5and u,, =67 (b) d=17 and u,, =240

(¢) d=-8and u;, =0 (d) d=-23and u,,=-400
(e) d=9.75and u,, =280.25 (f) d=-6.9and u,,=98.3
(g) d=54and u,,= 4096 (h) d=13.6 and u,, =523.2
(i) d=-10.1 and u,;=-572.7

(G) d=2 anduz4—75

4. The fifth term of an arithmetic sequence is 9 and the eleventh term is 45.

(a) Denoting the first term by u, and the common difference by d, write
down two equations in #, and d that fit the given information.

(b) Solve the equations to find the values of u; and d.

(c) Hence find the fiftieth term of the sequence.

5. The fourth term of an arithmetic sequence is 118 and the seventh
term is 172.

(a) Find the first term and the common difference.

(b) Calculate the twentieth term of the sequence.

6. The ninth term of an arithmetic sequence is 36 and the twenty-first
term is —168.

(a) Find the first term and the common difference.

(b) Calculate the thirty-seventh term.

7. In an arithmetic sequence the tenth term is —88.93 and the
seventeenth term is —130.93.

(a) Determine the common difference and the first term.
(b) Find the fortieth term of the sequence.

(c) Is—178.52 a term in the sequence?

Solving practical problems involving arithmetic
sequences

Patterns are seen in art, music and poetry. But patterns can also be found
in many other contexts that may not be so obvious. For example, seating
plans in theatres and sports arenas, or the growth of a child all display
patterns.

You can apply what you have learned about arithmetic sequences to
practical situations like these as well as many others.

- 16 v”J’lﬁi
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Worked example 3.5

Maya is training for a marathon. She builds up her fitness by
running an extra 3 km each week. She runs 5km the first week.

(a) How far will she run in the third week?
(b) In which week will she run more than 25km?

(a) Method 1:

texas ) (EJP_casio )

2

Ans+3

.

Ans+3

Maya runs 11 km in the third week.

Method 2:
u,=u,+(n="1)d
Uz=5+B=1)x3=11km

(b) u,=5+3(n—"1) @ Return to Chapter 2 for

5+3(n—1)>25 a reminder of how to

solve linear equations
using your GDC if you
need to.

Ea:3+3ix-12=25
H=?EEEEEEEEE?




in Worked example 3.5 that n
umber of weeks and must be a
number, so the answer should
rounded up to the next natural

number.
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Maya runs more than 25 km in the &th week.

Method 2:

W=".EEEEEEBET  Y=25

z
) (EPp_casio ){‘
y

Maya runs more than 25 km in the &th week.

,‘WMNNM-M‘M*‘MJ"

@ Exercise 3.4

1.

Jamie is collecting Pokemon cards. In the first month he collected
12 cards, and he plans to collect an additional 7 cards every month.
The total number of cards in his collection each month forms an
arithmetic sequence.

(a) How many cards will Jamie have in the sixth month?

(b) How long will it take Jamie to collect 96 cards?

Rosetta has bought a new Russian language phrase-book. She has
decided to learn some new Russian words every week. In the first week
she learned 10 new words. She learned 19 new words in the second
week and 28 new words in the third week. The number of new Russian
words Rosetta learns each week forms an arithmetic sequence.

(a) How many new words will Rosetta learn in the eleventh week?

(b) During which week will Rosetta learn 181 new words?

Sally has 30 weeks of training before her next sporting event. In the
first week she trains for 45 minutes. The lengths of time she trains
every week form an arithmetic sequence. Each week she trains four
minutes longer than in the previous week.
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:
(a) How long will Sally train in the fourteenth week? y
(b) After which week will Sally be training longer than two hours? 1‘,
f
(c) How long will she train in the final week before the sporting w 4
event?

4. Mr Mensah owns several cocoa plantations. Each year he plans to ,
harvest 18 tonnes more cocoa beans than in the previous year. In the )
first year he harvested 42 tonnes, the following year 60 tonnes, the ‘{
year after that 78 tonnes, and so on. p
(a) How many tonnes of cocoa beans does Mr Mensah expect to \ :

harvest in the sixth year?

(b) In which year will Mr Mensal’s harvest exceed 300 tonnes of |
cocoa beans? _ ‘.,

5. Veejay works as a car salesman. His monthly commission forms an
arithmetic sequence. In the tenth month he earned 2150 rupees. ' 4
In the twenty-first month he earned 3800 rupees.

(a) How much commission did Veejay earn in the first month?

(b) In which month is his commission expected to exceed 6000 rupees? }

@ Arithmetic series: the sum of an arithmetic sequence

If you add up the terms of an arithmetic sequence, the result is called an \ o
arithmetic series: B

S=u+u,+u;+u+us+...+u, +u,
You can use arithmetic series to solve different problems.

Let us return to Maya training for a marathon (Worked example 3.5).
She builds up her fitness by running an extra 3 km each week. She runs
5km in the first week.

Maya now wishes to know the total distance that she has run in her first ’
eight weeks of training. How can she find this out? ‘. ' of

She could write down the distance run in each of the eight weeks and |
add these numbers up: ' &
|

S=5+8+11+14+17+20+23+26=124km

To do this, she first needs to work out each term in the sequence. This

is easy when there are only eight terms, but if Maya wanted to know the
total distance run in a year (52 weeks), it would be a long task to work LN
out every term of the sequence and then add them all up!

There are much quicker ways of calculating the sum of an arithmetic
series, using either algebra or your GDC.
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This is the formula to use if you
know the first term, the last term, and
the total number of terms. It is most
helpful when there are lots of terms
in the sequence, because you don’t
need to work out every term in order
to get the sum!

4
b
7

- -

@ A reminder of how to

rearrange equations
was provided in
Learning links 2A on
page 40 of Chapter 2.
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Using algebra to calculate the sum of an
arithmetic series

The sum of an arithmetic series with » terms is given by the formula

n
S,,=5(u1+un) )

Maya could work out the total distance run in the first eight weeks of
training as S, = $(5+26) =124 km

Exercise 3.5

1. For each of the following arithmetic series, you are given the first
term u, and the last term u,,. Find the sum of the first # terms in each
series using the formula S, = g(u1 +u,).
(a) u, =7 and u,, = 64 (b) u,=35and u,;, =376

(¢) u;=—80and u,, =32 (d) ;=79 and u,,=-194

(e) u,=46.1 and u,,=225.5 (f) u,=-20and u,;=-362

2. For each of the following arithmetic series, you are given the last term and
the sum of the first n terms. Use the formula S, = g(u1 +u,) to work out

the first term of each series. (Note: you may have to rearrange the formula.)

(a) 5 10 185
(b) 119 20 1430
(©) 158 14 1302
(d) -160 24 -1632
(e) -7 30 1095
() 0 32 4960

What if you do not know the last term in the series whose sum you want
to find? You cannot use the formula. There is another formula for the
sum of an arithmetic series. This formula uses the common difference d

instead of the last term:
n
S, =5[2u1+(n—1)d] )

In the case of Mayas training (Worked example 3.5), the total distance she
runs in the first eight weeks can be calculated using this formula as follows:

Ss=§[2x5+(8—1)><3]

=4x[10+21]
=124 km




SOV A SN | O&
Exercise 3.6

1. Use the formula S, = g[Zu1 +(n- l)d] to find the sum of each of the

following arithmetic series.

(a) u;=14,d=8and n=10 (b) u,=33,d=16andn=18

(¢) uy=-5,d=27and n=21 (d) u,=30,d=—-19and n=20
(e) uy;=-28,d=15andn=40 (f) u,=14,d=8andn=

(g) u;=53,d=—7andn=29 (h) u,=80.52,d=-13.75and n=30

2. Use the formula S, = g[Zu1 +(n- l)d] to find the sum of each of the

following series. For each series you are given the first three terms
and the number of terms in the sum.

(a) 8+15+23+...512terms  (b) 9+20+31+...;20 terms

(c) 56+70+84+...;26terms (d) 145+95+45+...;28 terms
() 35+ 18+ 1+...;15terms  (f) 125+20+27.5+...;18 terms
(g) 6.75+5.5+4.25+...;30 terms

(h) 3.172 +4.252 + 5.332 + ... ; 36 terms

3B Deriving the formula S, = 2(u1 + u,) for the sum of an arithmetic
series .

- Using Maya'’s training example (Worked example 3.5), let us try to spot a pattern
in the numbers by writing the sequence forwards and then backwards:

sequence written forwards

\/

=| 5|+ | 8|+ |11+ [14] + |17 + |20| + |23 | + |26
=26 | + |28 |-+ (20 [t A7 [+ | A4+ A+ |8+ |15

(]

A

sequence written backwards

We can see pairs of numbers. Notice that each pair adds up to the same value (31).

Adding each pair of numbers together, we get ‘

B5+26)+@8+23)+(11+20)+ ... + (26 +5)
=31+31+31+...+31

until we have 8 lots of 31. So the sum is

8 x 31 =248

i Ug 80T

ul‘w

[‘_‘
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continued . . .

Notice we have used the same sequence of numbers twice (forwards and backwards),
so we need to divide by 2:

S=248+2=124

With the same reasoning as above but using letters instead of numbers, we have
sequence written forwards

»
'

Sk I T e o e e, St e ) e
£ R o £ S S = e = s o S U/ /< = i £ | G e O

<
<

sequence written backwards

We have created n pairs of numbers and each pair has the same total, which is equal to
(uy + u,). So, adding the sum of the two series together we get n lots of (u; + u,):

2S,=n(u, +u,)
- Therefore S, = g(u1 +Up,).

3C Deriving the formula S, = g[2u1 +(n—1)d] for the sum of an
arithmetic series

Let’s use Maya’s sequence again. In the bottom row, we have replaced the numbers with
letters: n for the position of the term in the sequence, and d for the common difference.

- :l - - S=5 +8 + 11 A e S +26
' S=5 +(5+3 +(B+3+9 +.. +6+3+3+3+3+3+3) +(5+3+3+3+3+3+3+93)
-~ S=u;, +Uu+d +(Us+2d +... +Uu+(-20 + Uy + (n—1)d)

Writing the sequence forwards and backwards we get:
sequence written forwards

\/

r uy + | (U +d) + | (u+20)+ ... + | U +n=20) | + | U +(n=1))
U= [+ | U+ =20a) |+ | U +n=-3)d)+.. |+ | U, +d) + | Uy

n O»
S
1l

A

sequence written backwards

If we add each pair together then there are n pairs of numbers, and each pair adds up to
the same total: 2u, + (n — 1)d. So we have n lots of 2u, + (n — 1)d altogether, and we get

2S,=n[2u; + (n = 1)d]

Dividing by 2 then gives S, = g[zu1 +(n= 1)d]-

LAY\

g

Using your GDC to calculate the sum of an
arithmetic series

You can use your GDC to calculate the sum of a given number of terms
in an arithmetic sequence. There are two main methods:

|

L

-

e using the GDC recursion mode

* using the ‘sum’ and ‘seq’ functions on your GDC.

Y 1 /..&7 f"i J

Rlge

'Jli

e v

4 |
L
-
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Using the recursion mode on your GDC

To calculate the total distance that Maya runs in eight weeks of training:

& CASIO )

5 )
= Ans+3 = Use your GDC in recursion
Ans+3 I & mode to output each term in
= il the sequence as far as the
Arhz+3 11 number of terms requested.
|

54+8+114+14+17+20+23+26=124km

Write down the numbers displayed
on the right-hand side of the screen
and add them together.

Using the 'sum’ and ‘seq’ functions on your GDC

A function for summing the terms of a sequence is available on your
GDC. See ‘3.2 Finding the sum of an arithmetic sequence using the ‘sum’
and seq’ functions’ on page 659 of the GDC chapter for a reminder if you

need to.

~-

To calculate the total distance that Maya runs in eight weeks of training:

|
Ifu,=5andd=3,u,=5+3(n—1) N y

& CASIO )

First, put the known values into

wA “a,....

sUMtsey S+ E—-1 F EHT SeqiS+30K-12, %1, the formula for the nth term of [
124 ’ 124 an arithmetic sequence, 4
| Uy =u; +(n—1)d.
_ o Enter the right-hand side of the
List]LaHIDim]Fill)ced JI formula into your GDC and enter
the required parameters.
=124 km

AN’
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Worked example 3.6

Consider the sequence consisting of all the odd numbers
from 1 to 99:

1,3,5,7,9,...,97,99

It is an arithmetic sequence with u, =1 and d = 2.
(a) How many terms are there?

(b) What is the total if you add all the terms up?

(@) u,=u,+(n="1)d
99=1+2(n-1)

98=2(n-1)
49=n-1

1
z
24
n=50
There are 50 terms in the sequence.
;
4

TEXAS

1+20x—12-99=0

m H=50
bound=0-1e99.1..
s ]left—rt=H

There are 50 terms in the sequence.

) 550 =22(1+99)

=25%100
=2500

texas ) (EJP_casio )

suUmC sy 1+20H—1 " Sum Seat1+208-12a281s
z5ea | |5 2508

LiztJLaMIDim)Fill]=ed s

The sum of the sequence is 2500.




Exercise 3.7

Use algebra to answer the questions below, and check your answers with @

your GDC.
1. For each of the following arithmetic series, find the sum of the Using a GDC can be quite
specified number of terms. complicated for this type of problem
S0 you should also know how to
(a) 7+ 15423 +... (24 terms) calculate (or check) your answer

using algebra.
(b) 38+ 51+ 64+ ... (16 terms)

(c) 150+ 127 + 104 + ... (40 terms)

(d) 497 +8.19+11.41 + ... (36 terms)

C

(e) 3+19+1 3 .. (15 terms) a
2. For the following arithmetic series you are given the first three terms

and the last term. In each case find the number of terms and the sum

of the series. ‘ :
(@) 14+27+40+ ... +261 (b) 86+ 115+ 144+ ...+ 985

(¢) 7+835+9.7+...+31.3 (d) 93+76+59+42+...+(—400)

_—

(e) 12%+15i+18+---+95

3. Find the sum of each of the following series:
(a) The first 80 positive integers.
(b) All the even numbers between 23 and 243.
(c) All multiples of 3 between 2 and 298.
(d) The non-multiples of 7 between 1 and 99 inclusive.

(e) All common multiples of 5 and 6 between 1 and 1000.

4. The eighth term of an arithmetic sequence is 216 and the seventeenth
term is 369. Find the:

(a) first term (b) common difference
(c) sum of the first 40 terms.

5. The first term of an arithmetic series is 28. The common difference is 6.

(a) Find the sum of the first 20 terms of the series

(b) The sum of the first n terms of the series is 5800. Show that n ‘
satisfies the equation

3n*+25n—5800=0

(c) Hence solve the equation to find #.

eSS X Tdbg
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Solving practical problems by summing
arithmetic series

Arithmetic series appear in the real world. An example that you might
have come across is simple interest. Simple interest is a type of financial
investment used in which an initial monetary value is invested and earns
interest. The amount of money increases in a straight line as the rate of
increase stays the same. For example, if Luca put $500 into a saving account
that earned 1% interest a year, she would earn $5 a year (1% x 500 = 5). So,
at the end of the first year she would have $500 + $5 = $505. At the end of
the second year she would have $505 + $5 = $510. At the end of 5 years she
would have $500 + $5 + $5 + $5 + $5 + $5 = $525 in her savings account. It
can also be useful to know long it will be before a particular total is reached.
You can apply the formulae learned in this chapter to find out this kind of
information.

Make sure that you start the solution to each problem by writing down
the values that you know and can identify what it is that you need to find.

Worked example 3.7

Oscar decides that he will save an extra €2 each week. He saves
€6 the first week and €8 the next.

\i
(a) How much will he have saved over the first 13 weeks?
(b) How long will it take him to save €300?

(a) u,=6,d=2

515=g[2x6+(15—1)x2]

= Zlr2+24]

i
=13x18
=234

Oscar will save €234 over the first 13 weeks.

U =6,d=2
u,=6+2(Mn-"1)
 —

e AL,

& L. BB
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continued . . .

Y | O&

TEXAS ) CASIO )5‘

sUMLseA e+ 0 -1 ¢ ?
234

m SealE+ZH—10,H, 1,
’ 234

List]LmlDimlFilll Sed [e

Oscar will save €234 over the first 13 weeks.
b) u,=6,d=2

5n=%[2><6+(n—’l)><2]

500=%[2><6+(n—1)><2]

:
|
500=%[2><6+(n—1)><2]
=%[12+2n—2]
=%[1o+2n] Z
é

=5n+n?

n?+5n-300=0

texas ) (EP__casio )

Y1=KE+3K-308
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continued . ..

It will take Oscar 15 weeks to save €300.

By factorising:
m”?+5n-300=0
(n—15)(n+20)=0
n=15

1Exas ) (EPp__casio )

= (A2 (ZREFZ U 1)

=T '

nkgkseckion

it Y=z00

It will take Oscar 15 weeks to save €300.

. The German mathematician Carl Friedrich Gauss (1777-1855)
= was a child prodigy, able to correct his father’s arithmetic at the
== age of three. His teacher at the village school in Braunschweig,
Lower Saxony, found it very hard to find sums to occupy him. One day,
he asked Gauss to add up all the numbers from 1 to 100. Gauss was
only seven years old, but within minutes he had the answer: the first
one hundred natural numbers add up to 5050. He had used the same
pattern explained in Learning links 3B to add up an arithmetic series:

s = 1 + 2 + 3 + 4 + ... +
S = 100 + 99 + 98 + 97 +

This gives 100 pairs of numbers that add up to 101. But the series has been used twice,
S0 S, = Y2 x 100 x 101 = 5050. Gauss became one of the most influential and innovative
mathematicians of his time, and his ideas still inspire mathematicians today.

Is this a proof of Gauss’s method of summing an arithmetic series? Or does a mathematical
proof have to use algebra? It is said that mathematical proof and scientific proof are quite
different. Try to think of ways in which they are alike, and ways in which they differ.

v R KL QI AL




Exercise 3.8

1. Mrs Gomez has decided to save towards her daughter Alejandra’s
university education. She will pay €400 into a savings account on
Alejandra’s sixth birthday, then €550 on her seventh birthday, and
s0 on, increasing the deposit by €150 each year. When Alejandra is
sixteen, the last deposit will be made, and all the interest that has
accumulated will be added.

(a) How much will Mrs Gomez pay into the account on Alejandra’s —
tenth birthday? '

(b) What will be the total amount of money in the account
immediately after Alejandra’s twelfth birthday?

(c) What is the total amount of money Alejandra can expect to have
in her savings account before interest is added?

2. Ali and Husain are recruiting students into a new Mathematics p
Club at their school. Each week they plan to recruit two more new
members than in the previous week. In the first week they gained
three new members; the next week they recruited five new members,
the week after that seven new members, and so on.

(a) Show that they can expect to recruit 21 new members in the
10th week.

(b) What is the expected total membership of the Club in the 20th
week (excluding Ali and Husain)?

(c) In which week is the total membership (excluding Ali and
Husain) expected to exceed 80?

3. Carmen has decided to save money over a period of two years. She
saves $1 in the first week, $3 in the second week, $5 in third week,
and so on, with her weekly savings forming an arithmetic series.

(a) Find the amount that she saves in the last week of the first year.

(b) Calculate her total savings over the complete two-year period.

4. Adebayo started receiving pocket money when he was twelve years
old. His first monthly pocket money was 2000 nairas. This increased
each month by 250 nairas.

(a) Calculate the total pocket money he received in the first year.

Adebayo has been saving all his pocket money so far. After three
years of saving he decides to buy himself a treat for 60,000 nairas.

(b) How much of his savings over the three years will remain after he
spends the 60,000 nairas?
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@ Geometric sequences

A geometric sequence is a list of numbers with a pattern, but this pattern
is different from that of an arithmetic sequence.

Recall these example sequences from the beginning of section 3.1.

1 30
3. 3 1,3,927,...

254

204

N
w
N
o
o=

Position

5. 512,256,128, 64,32, ... 600-
500 °
400

5 300
200

100

Position

The graphs of these sequences are curves rather than straight lines. The
curve is increasing in the case of sequence 3 and decreasing in the case
of sequence 5.

Such sequences are called geometric sequences: the number pattern
starts at a particular value and is then multiplied, or divided, by the
same amount each time. This fixed multiplier from each term to the next
is called the common ratio of the geometric sequence.

Look closer at sequence 3:

The sequence starts at %, and is multiplied by 3 for each subsequent term.

x3 x3 x3 x3
D D> > D>
1 3 9 27

-{-45) 0 .Y 4

w|—=
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Dividing each term by the value of the term before it, we get

L =3=3=2=3503 is the common ratio of this sequence.

»o1 3
Now look at sequence 5:

The sequence starts at 512, and is multiplied by % for each subsequent term.

26 =18 - 64 = 32 -1 501 is the common ratio of this sequence.

Exercise 3.9

1. Which of the following sequences are geometric sequences?
(a) 2,22,222,2222, ...
(b) 1, 10, 100, 1000, ...
(c) 1,4,16,25,36, ...
(d) 84,56,371, 24%,. .
(e) 5,54 5% 5% ...
(f) 34,6+, 12+y,24+y, ...
(g) 2,—4a, 8a% —16a> ...
(h) 22, % 2%, %2, ...

2. Find the next three terms in each of the following geometric
sequences.

(a) 4» 8» 16» PR . P N
(b) 200, 120,72, __,

—_>

(c) 729,243,81, __,

_

(d) 30.5,36.6,43.92, _, _,_,...

3. Find the missing terms in the following geometric sequences.
(a) 480,360, 2025, ...
(b) _,_,125,25,50, ...
(c) =6, __,_,—162,-486, ...

1
(d) l)gy_)_)_) e



SN | O o

The nth term of a geometric sequence

The pattern in a geometric sequence can lead to a formula for calculating
the value of any term. The formula for the general term of a geometric
sequence, known as the nth term, is given by:

u, = u; X "', where r is the common ratio. )

For example, the sequence 512, 256, 128, 64, 32, ... has:

e u =512

o u,=512x(1)1=256

o u;=512x%(3)?>=128
o u,=512x(3)3=64

o andu,=512x(3)'=512%x(3)°=8

~

If you know the first term and the common ratio, you can use the
formula for the general term to calculate the value of any term in the
sequence.

Worked example 3.6 }

Q. | Consider the sequence 2, 3,4.5, ...
(a) Confirm that this is a geometric sequence.
(b) Write down the values of u, and r.

(c) Calculate u,.

@) 2=15%2_15
2 3
The ratio is the same, so thisis a

geometric sequence.

&MA

) w,=2andr=15

(c) u;=2x(1.5)°=228(3sf)

T T s e a8 A

You can use the formula to find other values too, depending on what
information you start with. For instance, if you know the value of two
terms of a geometric sequence, you can use the formula to find the
common ratio and the first term.

Topic1NumbrandaIgebra B _:' Y 1 K ’.
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Worked example 3.9

In a geometric sequence, the second term is 2 and
the fifth term is —16. Find:

(a) the common ratio
(b) the first term.

Method 1:
@) D> D> D>
?

Method 2:

(@) u,=uxr"
Uy=u; xr=2(1)
Us=u X '==16(2)

@ Return to

Chapter 2 for
Ur=2 methods of
urt==16 solving pairs of
linear equations
if you need to.




D Deriving the formula for the nth term of a geometric sequence
Take the sequence 4, 1, 3, 9, 27, 81, ...

The first term is 1, and the common ratio is 3.

— 3,

Write out the terms in a way that helps you to spot a pattern:

Multiplying by one 3

U5 =3P} 1:=-3 Us==x3x3 Multiplying by two 3s

=33 =9 U= % SEE) PRE R ) Multiplying by three 3s

The pattern shows that if you want to find the value of the nth term in the
sequence, u,, take the value of the first term, u,, and multiply by the common
ratio, r, (n — 1) times, that is, one time fewer than the term’s position.

Exercise 3.10

1. Consider the sequence 10, 15, 22.5, ...
(a) Confirm that this is a geometric sequence.
(b) Write down the values of ©, and .

(c) Calculate u,, to 1 decimal place.

2. (a) Ina geometric sequence, u; =3 and u, =48. Find r, u, and u,.

(b) In a geometric sequence, u; = 3 and u, = 81. Find r, u, and u,,.

3. The second term of a geometric sequence is 5 and the fourth
term is 20.

(a) Find the first term and the common ratio.

(b) Use these values to calculate the 12th term.

Topic1rNUmbrandaIgebra . - _:' v 1 K ’.
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4. For each of the following geometric sequences, find the common

ratio and the specified term.

(a) 3,12,48,...;10th term

(b) 64,96, 144, ... ; 20th term

(c) 90, 288, 921.6, ... ; 18th term
(d) 1,1.5,2.25, ... ; 16th term

(e) 180,-198,217.3, ... ; 12th term

(f) —45,-99,-217.8, ...;21st term

5. The following sequences are all geometric. For each, calculate the

common ratio and three more terms.

(a) 2,3, ...

(¢) 100, 50, ...

(b) 1,2, ...
(d 1,1.1,...

Finding the position of a term in a geometric sequence

You can determine the position of a term by any of the following methods:

e drawing a diagram
e trial and improvement

* using your GDC to plot graphs

e using your GDC’s equation solver.

Worked example 3.10

id n

)

AS 2L )
2/ b Vi

How many terms are there in the geometric sequence
2,6,18,...,1458?

Method 1:
u=2andr=3
x3 x3 x3 x3
D> > > D>
2 6 18 ?

2,0,18,54, 162,480, 1458
so there are 7 terms.




e sure you write down all your
working.

continued . . .

Method 2:
u=2andr=3
Uy = Uy X
u,=2Xx3"1=1458

Try
n="5:2x3*=162,too low
n=8:2x3"=4374,too high

n="7:2x3%=1458, correct answer

S0 1458 is the 7th term.

Method 3:

ek seckion

From GDC:n="7

Method 4
2X3"1=1458

TEXAS

) @

CASIO

—/

143538-2+3"(x—12=0
" H=Y

hound={-1g99.1..
s ]left—rt.=A

From GDC:n="7

Eq=145§—2x3“ﬂx—1)=9
Lower=-"3g +39

UFFe=2E+33
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Exercise 3.11

1. Use the equation solver on your GDC to find the number of terms in
each geometric sequence.

(@) 2,4,8,...,512
(b) 1.2,1.44, ... ,2.0736

(c) 1600, 160, 16, ..., 0.016

1
(d) 81,27,9,..., —
27

(e) 1,0.1,0.01, ..., 0.00001
39 729
416" 4096

2. Use the graphing function on your GDC to find the number of terms
in each of the following geometric sequences.

f) 1

(a)
() 24 15 273.375
© 8 2 8192
(d) 40 1 =a
2 128
1 5
(€) 160 1 524288
1 1
) 243 S P

3. The first term of a geometric sequence is 80400 and the common
ratio is 1.05. Given that u, = 97726.7025, use the method of trial and
improvement to find the value of n.

4. For each of the following geometric sequences you are given the
first term, the common ratio and u,. Use an appropriate method to
determine the value of n.

(@) u,=8,r=2,u,=16384 (b) u,=3,r=6,u,=839908
(c) u,=4 r—1 u, =0.0625 (d) u, =256 r—1 u,= !
R R ' 47" 64
8 3 27
€ u=_’r=_;un=_ f u=_48,r=2,un=—1536
(&) uy ” 5 n ) w
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The two formulae give exactly
the same answer, but it is easier

to use Sn=w
F=1l

B

=1

if r>1and

Xhint

The # symbol in the formula above
means ‘not equal to’. Here r cannot
equal 1 because this would make the
denominator zero, and you cannot
divide by zero.

Geometric series: the sum of a
geometric sequence

If you add up the terms of a geometric sequence you get a geometric series.

Geometric series are important in financial calculations as well as in
many other practical situations.

You can calculate the sum of a geometric series by adding all the values
together but as you are multiplying by a common ratio each time, the
sum can get very large very quickly and it is much more convenient to
use a formula.

@ There are two formulae for the sum of a geometric series

5, =D _wlor)
r—1 1-r

wished to reward the wise man who had invented

the game of chess. The emperor promised the
wise man whatever he desired. The wise man asked for
‘one grain of rice on the first square of the chess board,
two grains on the second and four grains on the third, until
the chessboard is filled’. How much rice is that in total?

There is a legend about a Chinese emperor who

Was it a sensible promise for the emperor to have made?

3E Deriving the formula for the sum of a geometric sequence

Suppose that a university student, who did not have very much money, asked
his grandmother to help him out with a very small amount of money each day. He
thought she wouldn’t miss a few cents each day but that if he saved it, it would
help him a lot.
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continued . . .
He asked her to give him:
1 cent on 1 April
2 cents on 2 April
4 cents on 3 April ...
and to continue this pattern until the end of the month (30 days).
The amounts of money given each day form a geometric sequence with u; = 1

- and r = 2. Looking at the first few terms it looks like his idea is a very good one,
it won’t cost his grandmother that much money at all.

How much would his grandmother have given him by the end of April?

The sum after 30 days can be calculated by adding up the amounts he got each day.
S=14+2+4+8+16+...
S=20+2"+224+23+24+ ... +2%

— To add up a geometric series, we can use the pattern in the numbers. If the value
of each term in the series is doubled and then written below the original series,
you can see that most of the terms are the same.

RS S s e 2 et 7 e S S S i S—— — 24 212 (1)

- 2SE= 2 + 4 + 8 +16 + 32 + ... + 229 4+ 2% (2

— So, subtracting one sequence from the other makes most terms cancel out and
gives you a simple way of calculating the answer. (2) — (1) gives:

2S-S=2+4+8+16+ ... +20+20) (1 +2+4+8+16+ ... + 2%
That is, S = 2% — 1 (where 2% is r" and 1 is u,).
So S =1073741823 cents, which is 10,737,418.23 dollars!.

Luckily for her, the student’s grandmother was a mathematician and she
recognised the geometrical pattern and disagreed with his ideal

We can use a similar trick to calculate the sum of a general geometric series:
- multiply the series by its common ratio and write the result below the original
series; then subtract the two series, which makes most terms cancel and leads
U (o= =R (=)

, r#1
=1 =

to the following two formulae for the sum: S, =
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Worked example 3.1

.| Consider the geometric sequence -1, 2, —4, 8,16, ...
(a) Write down the values of u, and r.

(b) Find the tenth term.

(c) Find the sum of the first ten terms.

@) uy=-1,r=-2

®) u=uxrm?

u,= (=1)% (=2)""
o= (=1)X(-2)°=(-1)x (-512) =512

©
P ) ()
(-2)-1
5, 2 CNCDT) o),
(-2)-1
é
g -ED0-C2))
1=(-2)
_(0-(=2°)
4

1-(=2)
=(_2yo_1

510

=341

1Exas ) (&P __casio )

[List 1| List @]List 3|List W

SUE
g -@56

g si2
] ECH]
12

Suin JProdliumd) =2 1 d T3

From GDC: Sum = 341
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Worked example 3.12

(a) Write down the value of u,.

Q. | Consider the geometric sequence 3, 2.4, 1.92, 1.536, ...
(b) Show that r=0.8.

(c) Calculate S;. <

(@ u=3
(b) r=24+3=08
é

_ u,(T=rm) _ 3(1-0.86")

© s,
1-r 1-0.6
_ 8
5,=207987) _155(348)
1-08

Exercise 3.12

u,(r"—=1)

1. Use the formula S, = to calculate the sum of each of the

following geometric seriZS_.

(a) u, =2, r=2;first 10 terms
(b) u,=0.3, r=75; first 8 terms
(¢) u,=1.465, r=7;first 11 terms
(d) u,= g , r=4; first 9 terms

(e) u;=1,r=1.2;first 12 terms
(f) u,=3.6,r=2.06; first 21 terms
u,(1—r")

2. Use the formula S, = to calculate the sum of the first
-r
20 terms of each of these geometric series.
(a) u,=500,r=0.2 (b) u,=1200,7r= i
3 1
(c) m=dr=—" (d) u,=84,r= -
(e) u;=20.6,r=0.565 (f) u,=800,r=0.01

3 Arith

- -9 -
AL X
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3. For the following geometric series you are given the first term (u,),
the common ratio (), and the number of terms (n). Calculate the
sum of the series in each case.

(@) uy=4,r=2,n=10

(b) u,=16,r=1.5,n=18
(¢) u,=-81,r=0.9,n=20
(d) u, =125, r=3,n=22

(e) u,=358,r=0.95,n=30

4. For each of the following geometric series, find the common ratio
and hence calculate the sum of the specified number of terms.

(a) 10+20+40+ ... ; first 20 terms

(b) 3+9+27+...; first 24 terms

(c) 128 +64+32+...;first 18 terms

(d) 4+4.8+5.76 + ... ; first 16 terms

(e) 6.25+1.25+0.25+ ... ; first 10 terms
(f) 23+2%+2%+...; first 20 terms

(g) 7+ 7°4+7°+ ... ; first 24 terms

5. The third term of a geometric sequence is 144 and the sixth term is
9.216. Given that all the terms in the sequence are positive, calculate:

(a) the common ratio

(b) the sum of the first 16 terms of the sequence.

6. Take the geometric series 1000 + 500 + 250 + ...
(a) Write down u, and r.

(b) Calculate the sum of the first 10 terms.

7. 'The first three terms of a geometric series are 32 + 16 +8 + ...
Calculate the sum of the first 14 terms. Give your answer three
decimal places.

8. A geometric series has u, = 15 and u, = 135.

(a) Write down the values of ©, and .

@ (b) Calculate the sum of the first 16 terms. Write down all the figures

on your GDC screen.

€ is set notation and means ‘belongs
10’, SO k € Z means that k is within

the set of integers denoted by Z. (d) Write the answer to part (c) in the form a X 10%, where 1 <a < 10

!ii I!”J’JA

& L. A6

(c) Give the answer to three significant figures.
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Solving practical problems involving geometric

sequences and series

Many practical problems can be solved using geometric sequences and
series, especially in situations where there is growth or decay that does

not follow a straight line (‘nonlinear’).

9

You will see more examples in Chapter 4 and Chapter 19.

Worked example 3.13

The heating is switched off in a school laboratory. An experiment
is set up to look at the growth in a population of fruit flies. As the
temperature in the laboratory is low, it is found that the population is
only growing by 30% per day.

On Monday there are 20 fruit flies.

(a) How many fruit flies will there be on Friday?

(b) How long will it be before the population exceeds 500 fruit flies?
r=130%=1.3

(@) u,=u;xr™'=20x1.3""

Us=20%x1.3*=57122=57

() 20%x1.3™">500
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continued . . .
Method 1:

Try

n=10:20x1.3°=212 (3 sf)

n=15:20x1.3"°=787 (3 sf)

n=14:20x1.3""=606 (3 sf)

n=13:20x1.3"2=466 (3 sf)

So n="14is the first day on which the population will exceed 500.
Method 2:

texas ) (EP_casio )

[ T R e B
N 2=5EE

IZECT

#=13. 268281 =500

From GDC: intersection at x=13.3
Son="14
Method 3:

) EPp_casio )

A A e A AP A ™ NNt A a A A e\ A A

IZECT

#=13. 2681281 =500

From GDC: solutionis x=13.5
Son="14

’-‘NN_‘"} f""‘“‘"“—*w.&,.‘) W

Exercise 3.13

1. The first time that Sim counts a population of beetles there are 20.
A month later there are 35 beetles. The population grows as a
geometric sequence. How many beetles are there after 12 months?
Give your answer to three significant figures.

2. A business makes a profit of 50,000 AUD in 2005. In 2006, the
profit is 60,000 AUD. If the profit continues to grow as a geometric
sequence, what is the profit in 2010? Give your answer to three
significant figures.

Topic 1 Number and algebra

v R KL QI AL




" ‘  ' ' % ‘ ’ U;:. g')wl .4\!/, ‘&A

3. The Kumars lived in a rented four-bedroom property from
January 2000 until December 2009.

(a) Given that their yearly rent formed a geometric sequence,

o

complete the table below.

Year Annual rent (£)

2000 8990

2001 9170

2002

2003

2004

2005

2006

2007

2008

2009

(b) What was the total amount of rent paid over the 10-year period?

4. Miles joined the Apollo Golf and Gym Club in January 2005. The

by 4% every year.

annual fee was £672 then. Since 2005 the fees have increased steadily I r

(a) How much was the membership fee in 20107

(b) How much in total did Miles pay in membership fees from 2005

to 2010?

You should know

ul‘w

[‘_‘

i Ug 80T

what an arithmetic sequence and series is
what a geometric sequence and series is

how to use the formulae for the nth term and the sum of the first n terms, of an arithmetic and a
geometric sequence

some common applications of arithmetic and geometric sequences and series in the real world.
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&\ Mixed exauination Practice
BExanrstule questions

1.

The first three terms of an arithmetic sequence are 24, 41, 58, ...

(a) State the common difference.

(b) Work out the 20th term of the sequence.

(c) Find the sum of the first 20 terms of the sequence.

The 5th term of an arithmetic sequence is 42 and the 9th term is 64.

(a) Write two equations involving the first term u, and the common difference d.
(b) Solve the equations to find the first term and the common difference.

Jasmine has been collecting stamps for a while. She collected 7 stamps in the first month, 11 stamps in
the following month, 15 stamps in the month after that, and so on, in an arithmetic sequence.

(a) How many stamps did she collect in the 12th month?

(b) What was her total collection after 24 months?

(c) How many more stamps did she collect altogether in her third year than in her second year?
(d) After how many months will her total collection exceed 500 stamps?

The first term of a geometric sequence is 400 and the fourth term is 204.8.
All the terms are positive numbers.

(a) Find the common ratio.
(b) Find the sum of the first 18 terms.

A ball is dropped onto a hard surface. It bounces up 2 m the first time. Each bounce after that reaches a
height that is 85% of the one before. What height will the ball reach on the seventh bounce?

Marthe starts a savings account for her son. On his first birthday she puts €120 in the account, on his
second birthday she deposits €126, and on his third birthday €132.30.

(a) Explain why the common ratio for this geometric series is 1.05.

(b) How much money will Marthe put in her son’s account on his fifth birthday? On his tenth
birthday?

(c) How much money will he have in his account at the end of ten years?

Note: The answers to (b) and (c) are financial, so remember to round them to two decimal places.

([0 Topic 1 Number and algebra



7.

10.

Tomasz is training for a 50 km bicycle race. He cycles 5 hours in the first week, and plans to increase
the training time by 10% each week.

(a) Show that he will cycle for 5.5 hours the second week.
(b) How long will he cycle in the fifth week?
(c) He trains for 12 weeks. What is his total training time?
Give all your answers to three significant figures.
Mei is starting a new job. Her starting salary is $30,000, and she is told that it will increase each year.
She can choose one of the following:
Option 1: an annual increase of $500
Option 2: an increase of 2% each year
Mei plans to stay in the job for five years. Which option should she choose?
(i) Francine is repaying a loan she took out to buy a car. Her monthly repayments form an arithmetic

series. She repaid $450 in the first month, $445 in the second month, $440 in the third month, and
so on.

(a) How much will Francine repay in the 30th month?
(b) What is the total amount she will have repaid after three years?

(ii) Bradley bought an identical car at the same time as Francine. However, his loan repayments were
different. He repaid $600 in the first month, $592 in the second month, $584 in the third month,
and so on.

(a) What is the total amount Bradley will have repaid after three years?

(b) In which month will the repayment amount be the same for Francine and Bradley?
Super Bricks is a new building company. The company produced 140000 bricks in the first month. The
volume of production is expected to rise at a monthly rate of 8%.
(a) What is the expected monthly volume of production at the end of the first year of production?
(b) What is the estimated total volume of production over the first twelve months?

A rival company Brick Works produced 250000 bricks in the first month. Responding to a rise in
demand, the company plans to increase production at a monthly rate of 4%.

(c) Show that over the next six months, Brick Works will produce more than 1.6 million bricks.
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\ “Past paper questions

1. The first three terms of an arithmetic sequence are

2k + 3, 5k — 2 and 10k —15.

(a) Show that k =4. [3 marks]
(b) Find the values of the first three terms of the sequence. [1 mark]
(c) Write down the value of the common difference. [1 mark]
(d) Calculate the 20th term of the sequence. [2 marks]
(e) Find the sum of the first 15 terms of the sequence. [2 marks]

[Total 9 marks]

[Nov 2006, Paper 2, Question 4(i)] (© IB Organization 2006)

. A geometric progression G, has 1 as its first term and 3 as its common ratio.

(a) The sum of the first n terms of G, is 29 524. Find n. [3 marks]
A second geometric progression G, has the form 1, %, %, %,. 5

(b) State the common ratio for G,. [1 mark]

(c) Calculate the sum of the first 10 terms of G,. [2 marks]

(d) Explain why the sum of the first 1000 terms of G, will give the same answer as the
sum of the first 10 terms, when corrected to three significant figures. [1 mark]

(e) Using your results from parts (a) to (c), or otherwise, calculate the sum of the first 10 terms of the
1 1

1
sequence 2,3—,9—,27—,...
3RO D7

Give your answer correct to one decimal place. [3 marks]
[Total 10 marks]

[May 2007, Paper 2, Question 4(ii)] (© IB Organization 2007)

. The first term of an arithmetic sequence is 0 and the common difference is 12.

(a) Find the value of the 96th term of the sequence. [2 marks]

The first term of a geometric sequence is 6. The 6th term of the geometric sequence is equal to the 17th
term of the arithmetic sequence given above.

(b) Write down an equation using this information. [2 marks]
(c) Calculate the common ratio of the geometric sequence. [2 marks]
[Total 6 marks]

[May 2008, Paper 1, Question 8] (© IB Organization 2008)

[V Topic 1 Number and algebra



4. A National Lottery is offering prizes in a new competition. The winner may choose one of the
following.

()

Option one: $1000 each week for 10 weeks.

Option two: $250 in the first week, $450 in the second week, $650 in the third week, increasing by
$200 each week for a total of 10 weeks.

Option three: $10 in the first week, $20 in the second week, $40 in the third week, continuing to
double for a total of 10 weeks.

Calculate the amount you receive in the tenth week, if you select:

(i) option two;

(ii) option three. [6 marks]
What is the total amount you receive if you select option two? [2 marks]

Which option has the greatest total value? Justify your answer by showing
all appropriate calculations. (4 marks]

[Total 12 marks]

[May 2002, Paper 2, Question 2] (© IB Organization 2002)




(In this chapter you will learn:

e about currency conversions

e about simple and compound
interest

& how to use geometric
sequences and series in a
financial context

e about annual inflation and

depreciation.

|
O
'
y 2 The stock market.
¥y The investment of money, the trading of money, and the best way of
1 . looking after your money — these are important concerns all over the
v | world, and understanding them helps people to make sensible decisions
l about their lives.

This chapter demonstrates how your knowledge about numbers and
- ~ W sequences can help you gain a better understanding of money matters.

[ 1 Q Currency conversions

A currency is the system of money in use in a particular country. Over time,

) different countries have developed different currencies with distinctive

4 6 names and values that depend on the history and geography of that country.
2 When you travel from one country to another, you will need to change
" * (or convert) one currency into another.

\|
LA['A Topic 1 Number and algebra
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The value of a country’s currency relative to other currencies can also
affect the trade and prosperity of that country.

o In some countries, the basic unit of currency is divided into smaller
units. For example, £1 = 100 pence, $1 = 100 cents. So answers to
financial questions involving such currencies should be given to two
decimal places, for example as $5.34.

o In other countries, the basic unit of currency is not split into smaller
parts; examples include the Japanese yen. So answers to financial
questions involving such currencies should be given to the nearest
whole number.

Some common currencies are listed in the table below, along with their
symbols.

Currency Three-letter abbreviation Symbol
Australian dollar AUD $
Canadian dollar CAD $
European euro EUR €
Hong Kong dollar HKD $
Indian rupee INR 3
Japanese yen JPY ¥
US dollar USD $
UK pound GBP £

Currency exchange rates

To change one currency to another you need to know the exchange rate.
The exchange rate is also called the ‘foreign-exchange rate), ‘forex rate’
or ‘FX rate’ It is the ratio between the values of two currency units, a

number that you can use to exchange one currency for another.

Exchange rates vary constantly; they can be affected by trade, the politics
and stability of a country, and natural catastrophes.

Newspapers and websites provide up-to-date tables of rates. An example
of an exchange-rate table, taken from http://www.x-rates.com/, is shown
on page 112.

Notice that, in the table on page 112, the exchange rates are given to six
significant figures. You can use these numbers to calculate the amount
that you will pay or receive in a transaction, but for most currencies you
would express the final amount to two decimal places.

This particular table has the ‘from’ currencies arranged in columns and
the ‘to’ currencies arranged in rows. This means that the number in the
first column and second row of the table, 0.775915, is the exchange rate
from CAD to EUR, that is, the number of Canadian dollars for each
Euro. Be aware that other tables may be arranged differently, with the
‘from’ currencies in rows and the ‘to’ currencies in columns.

Currency
conversions are
very important in

economics — for example,
in the trading of
commodities.

In financial questions set in
examinations, you will be expected
to give answers to two decimal
places, unless you are given different
instructions. If you forget to do this,
you will be given a one-mark penalty
for that examination paper.

+w. What effects might

‘ - fluctuations in a

5% country’s currency
value have on international
trade? For example, if a
currency becomes relatively
expensive, it could make
that country’s exports more
difficult to sell.




[*ICAD BEEUR
i+l 1 1.2888
B 0.775915 1
Wednesday, January 12, 2011

Modified from http://www.x-rates.com
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To work out the amount of currency that you will get when you

exchange currency 1 for currency 2, you multiply by the exchange rate:

amount of currency 2 = amount of currency 1 X exchange rate

Worked example 4.1

Q. | (a) Zarais planning to travel from France to Canada.

(a) 1800 EUR=1800x 1.2688 CAD
=2319.84 CAD (2 d.p)

(b) $2319.84-$1600=$719.84

=55853465 EUR
So she will get €5658.53 (2 d.p.)

WJN\‘;“M\,-MM-N‘A"J,“

Exercise 4.1

1. Use the given exchange-rate table to answer the following questions.

Round your answers to two decimal places.

USD 18 GBP [*ICAD E EUR
BE 1 1.57137 1.01378 1.30656
B 0.636387 1 0.645161 0.831483
Il | 0.9864 JIESS) 1 1.2888
= 0.765363 1.20266 0.775915 1
B3 1.00662 1.58178 1.0205 IESi528

Wednesday, January 12, 2011

Source: http://www.x-rates.com
(a) How many CAD can be exchanged for 1200 AUD?
(b) How many GBP can be exchanged for 1500 CAD?

719.864 CAD=719.64x0.775915 EUR

She has €1800 to change into Canadian dollars.
How many dollars can she buy if she exchanges the
currencies according to the table alongside?

(b) During her holiday, Zara spends $1600 of her
Canadian dollars. If she changes her remaining
dollars back into euros when she gets home, according
to the table above, how many euros will she have?

B AUD
0.993413
0.632195
0.979903
0.760322
1
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(c) How many AUD can be exchanged for 800 USD? ¥
(d) How many EUR can be exchanged for 750 GBP? lv‘
[
(e) How many USD can be exchanged for 2450 EUR? = ‘

2. Yuki is travelling from Japan to Canada on business. In Tokyo the

bank is quoting an exchange rate of 1 JPY = 0.01205 CAD. ,
(a) If she changes ¥120,000 into Canadian dollars, how many dollars 1‘
will she receive? =
4
(b) She spends $885 in Canada. How many dollars does she have left? " .

(c) She changes her Canadian money back into Japanese yen when
she returns. Assuming that the exchange rate has remained the

same, how many yen does she have now? (Give your answer to . ‘.r
the nearest yen.) ‘ -t
3. Jean is going on holiday. He is travelling from Geneva to Sicily. He r—
takes 950 CHF (Swiss francs) with him, and changes it into euros at '
his hotel.
The hotel exchange rate is 1 CHF = 0.76715 EUR. ’
(a) How many euros does he receive? }
r
(b) At the end of the two-week holiday he has €125 left. How many ’
Swiss francs will he get back? Two weeks later the hotel exchange i Y
rate is 1 CHF =0.821567 EUR. 4
Buying and selling currency Y &=
Currency can be bought and sold like any other commodity. If you visit a
bureau de change, you will see the current rates of exchange displayed on
a board like this. -
Country Currency We buy We sell y &
Australia AUD 1.697 1.460 )
Euro zone EUR 1.299 1.132 \
Hong Kong HKD 12.89 11.34 ,
Japan JPY 139.7 121.0 r
Switzerland CHF 1.638 1.411 '
USA USD 1.683 1.472 !' -

The rates in this table were taken from a British newspaper published in b '
2011, so they are relative to GBP (Great Britain Pounds). In other words,
they give the number of units of each currency for each pound sterling.
The ‘We buy’ column gives the rates used when you change other
currencies to GBP; the ‘We sell’ column gives the rates that apply when
you change money from GBP to other currencies.

v ‘/' : ". C“
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You can also buy and sell currency through banks and brokers. These are
businesses being run for profit, and there are two ways in which they can
make a profit from currency exchange:

As money itself
5 can be traded like 1. The broker charges commission, which is a percentage of the value of

a commodity, there the transaction. You pay the commission to the broker for the money
could be global effects if that you exchange.

certain currencies are
over- or under-valued. 2. The bank buys currency from customers at one rate, and sells it at a

Does this have ethical lower rate. The difference in price will be the bank’s profit.
implications?

For example, Marc and Annie are travelling from Cardiff in Wales to
Hong Kong. They decide to take £1250 each, but go to different banks to
change the currency.

Marc’s bank quotes an exchange rate of 1 GBP = 12.39 HKD, and charges
2% commission in the original currency.

This means that the amount of commission he pays is 0.02 x £1250 = £25.

The exchange rate is applied to the remaining £1250 — £25 = £1225,
giving 1225 x 12.39 = 15,177.75 HKD.

Annie decides to buy from a bank that charges no commission.

The bank is selling at a rate of 1 GBP = 11.46 HKD, so her £1250
becomes 1250 x 11.46 = 14,325 HKD.

After the trip they return to Wales with 3700 HKD each, and sell their
currency back to their respective banks.

Marc’s bank again charges 2% commission and uses the same exchange
rate as before: 1 GBP = 12.39 HKD.

So the amount of commission he pays is 0.02 X $3700 = $74, and the
amount of money remaining to be exchanged is $3700 — $74 = $3626.

Applying the exchange rate then gives 3626 + 12.39 = 292.66 GBP.

Anni€’s bank is buying at a rate of 1 GBP = 13.29 HKD, so her $3700
becomes 3700 + 13.29 = 278.40 GBP.

In this example, even though Marc was charged commission, he had the
better deal in both directions of conversion. This will not always be the
case, so it is usually worth checking to see where you can get the best
deal for a particular transaction.

Exercise 4.2

1. Jung lives in Singapore and is travelling to Thailand. She wants to
change 1600 Singapore dollars (SGD) into Thai baht (THB).

The bank in Singapore charges 2% commission in dollars and quotes
an exchange rate of 1 SGD =23.910 THB.

(a) Calculate the number of Thai baht that Jung will receive.

(b) In Bangkok she buys a hat for 85 THB. What did it cost in SGD,
according to the exchange rate given above?

YDA,
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. Cara lives in Scotland and travels to the Netherlands. Her bank

quotes her an exchange rate of £1 = €1.17 and charges her £3 in
commission. Cara changes £150 into euros.

(a) How many GBP does Cara have left to exchange after she has
paid the commission?

(b) How many euros does Cara receive from the bank?

(c) In the Netherlands, Cara buys 750 g of cheese for her grandfather.
If the cheese costs €12.80 per kilogram, calculate the cost of this
gift in GBP.

For questions 3—5, use the exchange rates in the following table.

Question 3 Question 4 Question5
USA/EUR exchange | EUR/GBP exchange | GBP/HKD exchange
We buy | We sell We buy | We sell We buy | We sell
0.75863 | 0.72596 0.87504 | 0.83736 12.3768 | 11.8438

. Mike travels from the USA to Spain. He changes $900 into euros at
his bank.

(a) Use the table above to calculate the number of euros that he
receives, assuming that no commission is charged.

Mikes flight is cancelled, and he changes the euros back into dollars.

(b) Using the same table, how many dollars does the bank give
him back?

(c) How much money has Mike lost by changing his money twice?

. Anya travels from Greece to England. She needs to change €1200 into
GBP. She has a choice to make.

(a) Bank A charges 1.6% commission in euros and offers an
exchange rate of 1€ = £0.851483. Calculate the number of GBP
she would receive from bank A.

(b) Bank B buys and sells GBP at the rates shown in the table above,
with no commission charged. Calculate the number of GBP that
Anya would receive from bank B.

(c) Which bank should Anya choose?

. Nic is flying from England to Hong Kong.

(a) He changes £240 into Hong Kong dollars. If the bank is selling
at the rate shown in the table above, how many HKD does he
receive?

(b) On his return to England, he has 780 HKD left to change back
into pounds. If the bank is buying at the rate shown in the table
above, how many GBP does he receive?
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@ Compound interest

If you have saved or earned some money, you will want to keep it in a
safe place. It would be even better if, while that money is being looked
“—-—”" | after, it generates more money and your original sum increases.

The sum of money that you deposit (pay into the bank) is called the
capital. You can earn interest on that capital while it is in the bank.

There are two types of interest:

' B~ o simple interest, where the interest is calculated on only the original
e K sum deposited
" abacall

e compound interest, where the interest is calculated on the original
sum plus all the interest previously accumulated.

@ In this course we will focus on compound interest.

Imagine that your friend Shane has saved 800 AUD, and needs to
decide on the best way to protect it and use it to finance his future

“That piggy bank is for my college fund.”

You need to study simple interest
in order to understand compound
interest, but the examiners will not be travel plans.

IR 0E on simplo interest. Shane has identified three different options, and asks you for your advice.

e Option 1: He puts the money in a safe place at home, and adds any
more money that he saves to his original sum.

Investment, and
the earning of .
interest from
investments, happens all
over the world. However, it
is important to realise that
not all societies have the
same attitude to financial
investments and treat e Option 3: He puts the money in the bank for several years. The bank
them in the same way. For offers him a lower interest rate of 3.5% annually, but after one year it
example, Islamic law does calculates the interest, adds the amount to Shane’s deposit, and then
not allow the charging of the following year pays interest on both the original deposit and the
interest or fees for loans of interest that it has already earned. This is an example of compound
money. Therefore Islamic interest.
banking operates in a
different way.

a

Option 2: He puts the money in a bank for a year. The bank is
offering him an annual interest rate of 4% on his deposit. At the
end of the year, he can withdraw the interest to spend or leave
the deposit in the bank to earn more interest; however, Shane will
only ever get interest on the initial deposit. This is an example of
simple interest.

Let’s look at what will happen to Shane’s $800 deposit over a few years,
assuming that he makes no withdrawals or further deposits (numbers
are rounded to the nearest dollar):

Shane’s savings | Option 1 Option 2 Option 3
End of year 1 800 AUD | 800 x 4% =32 800 x 3.5% =28
800 + 32 =832 AUD 800 + 28 =828 AUD
End of year 2 800 AUD | 800+ 32+32=2864 AUD 828 + (828 X 3.5%) = 828 + 29 = 857 AUD
End of year 3 800 AUD | 800+ 32 +32+32=896 AUD | 857+ (857 X 3.5%) = 857 + 30 = 887 AUD

Putting these numbers on a graph makes it easier to see what will
happen in the future.
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Shane’s Savings

16004
compound interest
1400—
1)
2 1200—
§ simple interest
©
3
§ 1000
800! >
600
N N
o | | g
.L) 10 15 20

Years

Shane’s dilemma illustrates three different ways of looking after money:

e Option 1 earns no interest on the capital of 800 AUD. The value of
the savings does not increase.

e Option 2, simple interest, earns interest on the capital, but that
interest is not ‘reinvested’ The value of the savings increases in a
straight line; the rate of increase stays the same.

e Option 3, compound interest, earns interest on the capital, and that @ You will meet ? v
interest is reinvested by being added to the capital to form a new base exponential growth in . A
for future interest calculations. The value of the savings increases Chapter 19. / )
exponentially. 4

What is your advice to Shane?

Now we look at the mathematical structure of Options 2 and 3 in more
detail.

With simple interest, as long as you keep the original deposit in the
bank, it will continue to earn the same amount of interest year after year.

In Shane’s case, his 800 AUD deposit will earn 800 X 4% = 32 AUD
of interest every year. So at the end of 5 years he will have earned
5x 32 =160 AUD interest, and his total balance will be

800 +32+32+32+32+32=2800+ (5x32) =960 AUD.

Note that his total balance from one year to the next can be viewed as an
arithmetic sequence with first term 800 and common difference 32.

@ You met sequences in Chapter 3.



In general, using algebra, if an amount of money PV (which stands for
present value) is invested for n years at an annual rate of interest 1%,

then the amount of simple interest earned, is W, and the total

- PV -
balance is given by PV + == = PV (1+ %).

Applying these formulae to Shane’s case, we take PV =800, r =4 and
n=>5.So:

X 4%
interest earned = % =160 AUD

total balance = 800 x (1 + %) =960 AUD

With compound interest, as long as you make no withdrawals, the
amount of interest earned will increase from year to year.

This is easier to understand if we do the interest calculations year by
year. In Shane’s case:

800 AUD

800+ 800 x 32 =828 AUD
100

(800 +800 x 3—5) + (800 +800 % 3—5) X 32 =856.98 AUD
100 100/ 100

In general, using algebra, we can work out a formula for the account
balance after n years.

If an amount of money PV is invested for n years at an annual rate of
interest %, then:

PV PV

PV+PV><L=PV(1+L) PV(HLJ

100 100 100

PV(1+L)+PV(1+L)><L r Y
100 100)” 100 PVIT+35

=pv(1+L)(1+L)
100 100

(by taking out a factor of PV(I + ﬁ) from the first line)

PV(HL)
100

S A VINAL:
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Note that the total balance from one year to the next can be viewed as an
The formulae for
simple and
compound interest

The total balance after n years is referred to as the future value of the are important in finance
investment, denoted by FV. and economics, for

example in forecasting
economic growth.

geometric sequence with first term PV and common ratio (1 + W)

The general formula for compound interest is:

s r . where FV = future value, PV = present value, n = number of years, r% =
FV=PV|1+— : ) .
100k annual rate of interest, and k = number of compounding periods per year.

So far we have considered only the situation where interest is calculated
at the end of each year, that is, k = 1. But often interest is calculated at
more frequent intervals, such as quarterly (k =4) or monthly (k = 12).

Applying the formula to Shane’s example, we take PV =800, r=3.5, k=1,
and n = 5. Then we get:

5
FV=800><(1+£) =950.15 AUD i
100

The interest that Shane will have earned over five years is ' /
950.15 - 800 = 150.15 AUD.
Here are some important points to remember when calculating E
compound interest: l
o Think about when you are investing the money; this is usually taken """.

to be the beginning of year 1. ) -
o Think about when you are being asked for the total balance or v

interest earned; this is usually at the end of a certain year, which is
the ‘#’ in the formula.

e Look at the time intervals at which interest is calculated; interest may
be calculated yearly, half-yearly, quarterly, monthly or daily.

Note that if Shane invests his $800 at the same compound interest rate
but calculated quarterly or monthly rather than yearly, he will end up
with different amounts at the end of five years.

. Think carefully
5 about compound

interest. Would it

Investing 800 AUD at 3.5% compounded quarterly yields: be good for your savings or
s 2 pension, but bad for your
FV =800%| 1+ —800x| 1422 | 295227 AUD Gl DIl LA
400 read the small print?

Investing 800 AUD at 3.5% compounded monthly yields:

125 3.5 \*
FV=800><(1+ ) =800X(1+;) =952.75 AUD
1200

100x12

By compounding more frequently, a little more interest has been earned.

|

g
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./
L

T2
2

L E



LY | O&

k
The compound interest formula FV = PV (1 + L) " can be used to solve

100k
many of the financial questions that you are likely to meet.

Worked example 4.2

Twins Paco and Peta are given 12,000 pesos each by an aunt.

offering 4.8% interest compounded yearly. How much
money will he have in the bank after five years?

(b) Peta decides to invest her money in another bank that is
offering 4.6% interest compounded every three months
(quarterly). How much money will she have in the bank .

after five years?
(c) Which twin has made the better investment?
é

;
(a) Paco decides to invest his money in a bank that is (

B
(a) Paco: FV=1ZOOOX(’I+%) =15170pesos

4 6 4x5
100x4)

(b) Peta: FV=1 2ooo><(1+

46\
=i ZOOOX(’H;) =150863pesos
400

(c) Pacohas made the better investment.

\M—-‘N“MJM‘““WM

Worked example 4.3

yearly. How many years will it take for his investment to double?

kn
FV=PV(1+ : )

j
Jan invests 950 euros in a bank that pays 3.8% interest compounded
100k

d

FV= 950(1+—5'8 )
100

2><950=950(’I+£)
100

M*‘MMW
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continued . .
2= (’I +0.038)" @

Logarithms are not in the

syllabus, but if you are confiden

in using them, you can use the
Method 1: to solve equations like this one.

TPV ALY

Try

n=20:(1+0.038)2°=2.108, too high
n=18:(1+0.038)"®=1.957, too low
n=19:(1+0.038)"°=2.031, close to 2

It will take 19 years for Jan's investment to double.

Method 2:

) (EPp_casio )

Mi=1.838"x
W=

W=18.58513U63 V=@

Intersectionisat x=18.6
So it will take 19 years.

‘J"“M“MMW

Exercise 4.3

p—

Astrid has inherited 40,000 euros from her great aunt. She has
decided to invest the money in a savings account at an interest rate
of 6% per annum.

Find how much the investment will be worth after five years if
interest is compounded:

(a) yearly
(b) quarterly (every three months)

(c) monthly.

g

Kyle has just retired from his job. He was given a lump sum pension
0f 500,000 AUD and decided to save his money in a deposit account
which pays 4% interest rate per annum.

Find how much his savings will be worth after one year if the interest
is compounded:

(a) quarterly (b) monthly (c) weekly.

ANl IS
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3. Richard invests $3800 in a bank account at r% interest compounded
annually. He hopes to save $5000 in five years. What is the minimum
value of 7 needed for him to meet his target?

4. Mr Woodward saw the following advertisement in a timber
3 investment brochure.

—4
\ HIGH RETURN TIMBER INVESTMENTS
’ A typical investment:
ﬁ £18,000 invested over 12 years projects
returns of £104,109
w

He decided to follow up on the opportunity, but wants to know
what the annual interest rate is. Calculate the interest rate for him,
assuming that interest is compounded yearly.

5. Mrs Simpson invests a lump sum of $100,000 in an offshore business.
She is promised an interest rate of 4.2% compounded annually.

(a) How long will it take for the investment to double?

(b) If it takes n years for the investment to treble, find the value of n.

6. Dr Chapman saw the following advertisement in a newspaper.

Fix your savings for the next 10 years:
Earn a competitive fixed rate of 3.6% per annum
Invest from £1000 to £2 million
Withdrawals and closures are not allowed
Strictly limited offer

He decided to invest £64,000 for the advertised term of 10 years.

(a) Assuming that interest is compounded annually, what will his
investment be worth after 5 years?

(b) Will he be able to double his investment over the 10-year period?
Justify your answer.

@ The GDC and financial mathematics

Most GDCs have a built-in program that can help you to solve
the financial problems that you might come across in exercises,

This is one of the programs that you examinations and real life. See ‘4.1 The financial App, TVM’

i E.illqwed to use in IB examinations. on page 661 of the GDC chapter for how to use this App.
If it is not on your GDC already, you

should be able to download it from Once you have loaded the program, you will see a screen containing a
the website for your brand of GDC. list of variables. You need to read the question carefully and input the

values for the different variables.
[ ' pE J’ /M
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The letters and symbols used in the program should be familiar to you if
you have already solved financial problems using the compound interest
formula:

o

a - W “
- y B
vj‘ v ’a Y
’i_:_’!_#,"* i{,ﬁ
\ W

N or n = number of time periods @
(usually years)

1% = interest rate

PV = present value

M=

1%

Pl

PM

PMT = extra payments into the account Fu
each year P
C.

FM

FV = future value

casio )
Compound InterestiEnd
o=

P =@

PMT=8&

FU =@

PrY=12 +
MM % [P [FETFY

P/Y = number of interest payments made
into the account each year

C/Y = number of compounding periods
each year

Keep the following points in mind when you use the TVM program:
e Write down the answers to the calculations clearly.

* You must not use ‘calculator language’ in projects and examinations,
so quote the compound interest formula in your solutions.

* You may find it helpful to list the values required by the program as
you read the question.

e For investments, PV must be entered as a negative quantity: you have
invested the money, so it is no longer in your account — the bank
has it!

o To get the answer using a TEXAS GDC, highlight the quantity that
you want to find, then press ALPHA, SOLVE.

o To get the answer using a CASIO GDC, press the Function key for
the quantity that you want.

Worked example 4.4

N

You might find it interesting to

look up ‘compound interest” on

the internet. A search will turn up
many websites, some explaining
the mathematics, and some giving
simple examples similar to the ones
in this book.

Q. | Marie has $680 to invest. Suppose that she puts it in a bank
account that pays 3.7% interest compounded annually.

achieve this?

(a) How much money will she have at the end of 10 years?
(b) How long will it take to double her investment?

(c) Marie would like her investment to double in 15 years. At
what rate does her account need to earn interest if she is to

y | =
4 Financial mathematics
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(@) FV=PV(’I+—F )
100k

Fv = 680(’]+ﬂ) =680x1.057"
100

Fv=680x(14+0.057)"°=977.90

GEP__TExas
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(b) 2X680=680x (1+0.037)"

2=(1+0.037)"

From GDC: n=19.0&

r‘ n
FY = 680| 1+ ——
© ( 100)

15
2><680=650(1+L)
100
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continued . ..
From GDC: r=4.73
So the account needs to earn interest at 4.7 3%.
TEXAS ) CASIO
[ B "‘

d

4

P  [GRFR

As you can see, the TVM program is particularly useful when solving
questions like (b) and (c) in Worked example 4.4.

Worked example 45

Q. | In part (a) of Worked example 4.4, Marie invested her money
at 3.7% compound annually. She could also invest her money at
a rate of 3.6% compounded monthly.

What would be the difference in her investment amounts under
the two schemes after 10 years?

kn
FV=PV(’]+ i )
100k

3.6
100%x12

12n
FV=680(’I+ ) =680x1.003"2"

FV =680 (1+0.003)120=97414

£977.90—-£97414=£3.76

1Exas ) (EPp__casio )

- , 7 ’iﬁ
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The GDC’s TVM program is also very useful for solving loan-related
problems, such as working out the monthly repayment for a mortgage
or a car-purchase loan. In this case, the program’s variables have the
following meaning:

@ e N or n=number of time periods (instalments)

There are also many websites * I%=interest rate

that contain ‘compound interest
calculators’, which can help you to
predict how investments will change
over time depending on different
interest rates or different compounding
periods. They can also work out the
regular payment amounts needed to
repay a loan.

PV = total loan amount, which should be entered as a positive
number

PMT = payment amount per period; this is the quantity you want
to find

e FV =0, because at the end of the lifetime of the loan, you want to
owe nothing

e P/Y =number of payments per year

e C/Y = number of interest compounding periods per year, usually the
same as P/Y

For example, suppose Lukas needs to take out a loan for €9000, and the
local bank offers him a loan at 4.5% interest per annum, to be paid back
over 5 years in monthly instalments.

Entering n =5 x 12, 1% = 4.5, PV =9000, FV =0, P/Y =12 and
C/Y =12 into his GDC, Lukas finds that PMT = 167.79. This means
that his monthly repayment amounts will be €167.79.

The total amount he will have repaid at the end of the five years
(60 instalments) is €167.79 X 60 = €10,067.23. So the total interest that
the bank will earn from him is €1067.23.

Note that if Lukas had waited until the end of the five years to pay
everything back, interest would have accrued on all of the €9000 for five
years. Assuming the interest is compounded annually, he would have
owed 9000(1+45) = 9000x1.045° = €11,215.64 at the end of five years,
to be paid off in one go (of which €2215.64 is interest). By repaying in
monthly instalments, each month Lukas reduces the outstanding debt
on which interest accrues, so overall he ends up paying less; this process
of gradually decreasing a debt by paying it back in regular instalments is
SR called amortisation.

"”; Exercise 4.4

v
} Try using your GDC to answer the investment-related questions in
‘ | Exercise 4.3.

%; The following questions are all concerned with loan repayment
problems.

£5000 (APR = annual percentage rate). Use the information from the table
to answer questions 1-3.

AL,

J a 71

j The table on page 127 shows monthly repayment amounts for a loan of
4




8.4% APR 9.9% APR 12.9% APR
36 months £156 £160 £166
48 months £122 £125 £132
60 months £101 £104 £111
90 months £74 £77 £85
120 months £60 £64 £72
180 months £48 £52 £60
240 months £42 £46 £55
300 months £38 £43 £53

1. (a) Find the monthly repayment on a loan of £5000 at 9.9% per
annum taken over 120 months.

(b) Calculate the total amount to be repaid on a loan of £35,000
taken over 60 months at a rate of 12.9% per annum.
(Hint: £35,000 is seven times £5000.)

2. 'Two friends, Arthur and Ken, both took out loans of £40,000. Arthur
was offered his loan at 9.9% per annum, to be repaid over 60 months.

(a) Work out Arthur’s monthly repayment.

(b) Calculate Arthur’s total repayment on his loan over the 60 months.
Ken’s loan was at 8.4% per annum over 90 months.

(c) Work out Ken’s monthly repayment.

(d) Which of the two friends had the better deal? Explain your answer.

3. Margaret is buying a car for £25,000. She pays a 10% deposit and
takes out a loan at 8.4% per annum over 48 months.

(a) How much deposit did she pay?
(b) How much did she borrow?
(c) Work out her monthly repayment.

(d) Calculate the total interest paid on the loan.

4. Mr and Mrs Alonso are planning to go on a cruise to celebrate their
silver wedding anniversary. They need an extra €4380 to complete
their payment, and decide to ask their bank for a loan. They agree to
repay over 5 years at 6.8% per annum.

(a) Calculate the value of the monthly repayment.
(b) Find the total amount repaid over the five years.
(c) Find the total amount of interest charged.

(d) Would they have got a better deal if, for the same loan amount
of €4380, they had opted for repayment over 3 years at 7.2% per
annum? Justify your answer.

£ 3
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5. Jeremy is looking for a new car and wants to buy either a Nissan
Pathfinder or a Nissan X-Trail. He printed the following advertisements
from a website. However, some of the data was not legible.
TOTAL TOTAL
s Cpeposiok | CAST | AMOUNT | AMOUNT | DURATION
OF CREDIT | PAYABLE
? ? £29,580 £13,958 £31,066 36 months
TOTAL TOTAL
11:131:/[’1‘]311-\1]2‘2 CII)J;’II)‘(())ISV{?R ISI?ISCI; AMOUNT | AMOUNT | DURATION
OF CREDIT | PAYABLE
£539 £17,024 £34,560 ? ? 36 months
(a) For the Nissan X-Trail, calculate the monthly payments and the
customer deposit.
(b) For the Nissan Pathfinder, calculate the total amount Jeremy
needs to borrow and the total amount payable on the loan.
The following table shows monthly repayments for a $1000 loan taken
over different periods and at different rates. Use the information from
the table to answer questions 6 and 7.
Loan Monthly repayments per $1000
LI Annual interest rate
(ears) ¢ 00% | 6.25% | 6.50% | 6.75% | 7.00% | 7.25% | 7.50% | 8.00%
30.42 30.54 30.65 30.76 30.88 30.99 31.11 31.34
19.33 19.45 19.57 19.68 19.80 19.92 20.04 20.28
10 11.10 11.23 11.35 11.48 11.61 11.74 11.87 12.13
12 9.76 9.89 10.02 10.15 10.28 10.42 10.55 10.82
15 8.44 8.57 8.71 8.85 8.99 9.13 9.27 9.56
20 7.16 7.31 7.46 7.60 7.75 7.90 8.06 8.36
25 6.44 6.60 6.75 6.91 7.07 7.23 7.39 7.72
30 6.00 6.16 6.32 6.49 6.65 6.82 6.99 7.34
6. The Johnsons take out a loan for $8000 over 5 years at a rate of 7.5%
per annum. Calculate:
(a) the value of the monthly repayment
(b) the total amount paid over the five years
(c) the amount of interest charged.
7. Mr and Mrs Freeman are planning to refurbish their house at a cost
of $39,500. They decide to take out two separate loans.
Mr Freeman is offered a loan for $20,500 at 6.5% per annum over
12 years.
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Mrs Freeman is offered a loan for the remaining amount at 7.25%
over 10 years.

(a) How much in total will the couple pay for the loan?
(b) What will be the total interest charged on the loan?

(c) Would Mr and Mrs Freeman get a better deal if they went for a
third offer of a joint loan for the whole amount of $39,500 at 8%
per annum over 10 years? Justify your answer.

8. Yuko takes out a loan for ¥43,000 over three years at a rate of 2.17%
per annum. Find:

(a) the value of the monthly repayment
(b) the total amount paid over the three years

(c) the amount of interest charged.

@ Inflation T

In England, a litre of milk cost about 19 pence in 1968; it cost
approximately 79 pence in 2009. I /

In America, a bottle of ketchup cost 22 cents in 1966; fifteen years later it _ J z

cost 99 cents.

L
The steady rise in prices, and consequent fall in the quantity of goods l
that the same amount of money can buy, is called inflation. Over the | -_—
past 120 years, inflation in most industrialised countries has been at »_
around 3% a year. ' |
Cumulative Inflation by 4
Decade Since 1913 N :
© InflationData.com o
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There have been periods of time in certain countries when changes
in prices were very drastic. For example, Germany at the time of the
Weimar Republic in the 1920s experienced hyperinflation, where prices
rose so rapidly that money lost most of its value before it could be spent.
; Governments . ) o
5 calculate inflation In America, following the Wall Street crash of 1929, negative inflation
(deflation) meant that stock prices dropped suddenly, causing massive

using different : .
. : . unemployment and severe economic depression.
items, including the cost of

accommodation. Why Governments calculate inflation using a statistic called the Consumer
would they do this? Price Index (CPI). This number is estimated by looking at a ‘basket’ of
goods that people use most commonly. The rate at which the cost of
those goods in the basket changes over time gives a measure of inflation.

Inflation rates vary Inflation calculations can be done using the compound interest formula
with the price withk=1, FV = PV(1+ ﬁ)n, or a GDC’s TVM program.
fluctuations of

different commodities.
Some commodities, such
as oil, have a more Worked example 4.6

variable rate than others.

Q. | In 1990, the average price of a barrel of oil was $23.19.
If price inflation occurred at an average rate of 3% after
1990, what would a barrel of oil have cost in 2010?

JUNNN (B
A e RN

/ | Use the compound interest formula.
e In this case r = annual rate of Al Fr= pv(1+_5 )
| inflation, and remember that 100
- because it is inflation k = 1.
' FV=2319(1+0.03)°=$41.88
. ]

e '

' In 2010, the average price of a barrel of oil was actually $53.48, even
G more than expected from a 3% inflation rate.

A orked example 4.
- Worked example 4.7 {
/
‘ Q. | If the inflation rate in Canada this year is 2.35%, calculate the j
® likely cost of a 450 CAD laptop computer: 1
\
% (a) one year ago (b) in four years’ time. JJ
(ﬁ Substitute the given 1
values into the compound roY
: A. = —
o interest formula and set @ F FV(H 1 OO) {
| K=
—FV(’H@) =FVx1.0235" f
100 ?
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continued . .

) [ O&

450 =PV (1.0235)'
PY'=450+1.0235=439.67 CAD

)

texas ) (EJp__casio

N=1 ComFound Interest
I%=2.35 Pl =-439, 6672855

m PlU=-439, S57EAGS
FMT
Fil=
Ef-'ﬁ REFT TRFH
FMT BEGIH

(b) FV=450x%(1.0235)*=493.81 CAD

) EPp_casio )
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=
A A et A AP ™ Dt A A A A e A A

REFT GRFH

Exercise 4.5

1. A house cost £198,000 twenty years ago. If the rate of inflation has
remained at 4% per year over the past twenty years, find the present
cost of the house.

g

Florence bought her car six years ago for €45,850. If inflation has
caused the price of cars to increase by 2.8% each year, what would it
cost her to buy the car now?

»

Phoenix Communications bought a new IT system for $3.4 million
twelve years ago. If the rate of inflation has been a steady 1.98% per
year over the past twelve years, calculate how much the system would
have cost them now.
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4. The table below shows the average price of selected products in the
UK in 1990 and 2004 (information obtained from the Office for
National Statistics).

Commodity Price in Overall rate of

£ per kg inflation, %

1990 2004 1990-2004
Rump steak, British | 8.13 8.97 10.3
Cod fillets 5.74 8.64 ?
Sugar, granulated 0.62 0.74 ?
Cheese, Cheddar 3.30 5.67 71.8
Apples, eating 1.03 1.25 ?
Carrots 0.59 0.57 ?

(a) Complete the table by calculating the missing data.

(b) For each of the commodities, work out the annual percentage
rate of inflation, assuming it stayed constant over the 1990-2004
period.

5. In 1980 the price of 100 g of instant coffee was $1.01. As a result of
inflation, the price of coffee increased by 3.16% per year. Find how
long it took for the price of 100 g of instant coffee to rise to $1.88.

6. The average price of a litre of petrol in 1990 was 44 cents. After n
years, the price increased to 81 cents. Assuming that the steady
year-on-year inflation rate was 6.29%, find n.

@ Depreciation

If you buy a new bicycle, does it gain value with time? Or does it lose
value? Most manufactured goods lose value as they get older. So a bicycle
that cost 20,000 INR (Indian rupees) could be worth only 16,500 INR
three years later. This reduction in value is called depreciation.

Depreciation is important to individuals because they would generally
have to sell an item for much less than they paid for it originally. It is
important to businesses, because any new equipment that they buy will
be worth less from year to year.

As with inflation, you can calculate depreciation using the compound
interest formula with k=1, which is FV = PV(I + ﬁ)" . But note that as
the value is decreasing each year, the interest rate r will be negative.
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Worked example 4.6

A

Q. | Reena buys a new bicycle for 25,000 INR. She knows that the
value of the bicycle will depreciate by 6% each year. What will her
bicycle be worth in eight years’ time?

FV=PV(’I+—r )
100

=PV(1+—_6 ) =PVX0.94"
100

25000%x0.94"=152239 INR
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Worked example 4.9

Q. | José runs a printing business in Chile. He decides to buy a new
printing press at a cost of 4500 pesos. The value of the press
depreciates at a rate of 10% each year. How long will it take before
the press is worth half the amount that José paid for it?

FV:PV(1+L)
100

-10

= 4500(’] + —) =4500x0.9"
100

0.5x4500=4500x0.9"
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continued . . .

05=09"

aAr

From GDC: n=6.5&
So it will take 7 years for the value to halve.
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Exercise 4.6

A laser printer was bought new for £454.80. The printer depreciates
in value at 18% per year.

(a) Find the printer’s value after three years.

(b) How much of its value will be lost after five years?

Christopher bought his car in May 2005 for $49,995. The rate of
depreciation is estimated to be a steady 21% per year.

(a) How much was Christopher’s car worth in May 2010?
(b) How much of the car’s original value did he lose?

(c) Is it worth selling his car in May 2012 for $10,000? Justify your
answer.

I buy a car for €43,000 and keep it for n years. The value of the car
after n years is €22,016. If the car’s value has been depreciating at a
constant rate of 21% per annum, find the value of #.

A drinks company bought new laboratory equipment for $168,000.
It is estimated that at the end of its useful life, the value of the
equipment will be $22,750. If the yearly rate of depreciation is 17.5%,
find the length of the useful life of the equipment.
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5. A company buys a new communication system for $350,000. It is
estimated that for the first three years, the rate of depreciation will be
20% per annum. After three years the rate of depreciation changes to
a constant r% per annum, until the system is scrapped for $12,000 at
the end of ten years’ service.

(a) Work out the estimated value of the system after three years.
(b) Find the value of r.

(c) How long did it take for the system to lose half of its value?

You should know:

e how to carry out currency conversions

e what compound interest is and that it can be calculated yearly, half-yearly, quarterly or monthly
e that compound interest is an application of geometric sequences and series in a financial context
* how to use the GDC’s financial package (TVM) to answer finance-related questions

o the concepts of annual inflation and depreciation.



Mixed exanination practice

Exayrstule questions

1. Frederique is travelling from Canada to Moscow. She changes 800 Canadian dollars (CAD) into

Russian rubles (RUB). The exchange rate is 1 CAD = 29.7044 RUB.
(a) How many rubles does she receive?
On her return Frederique has 7000 rubles left. She decides to change them back into Canadian dollars.

(b) Assuming that the exchange has remained the same, how many CAD will she receive for her
remaining rubles?

. Andriano invested $9100 in a five-year investment scheme at the beginning of 2001. Interest was
compounded monthly at an annual rate of 7%.

(a) What was the investment worth after two years?
(b) How much overall interest did Andriano receive at the end of the five-year period?

. A school minibus cost £23,500 when bought new in August 2008. Its value depreciated at an annual
rate of 18% over the next three years.

(a) Work out the value of the minibus in August 2011.
(b) Calculate the percentage loss in value of the minibus over the three-year period.

. Zubair invests a lump sum of 180,000 ZAR (South African rands) in a Guaranteed Savings Scheme.
The annual interest rate is estimated at 4.8%.

(a) What is the value of the investment after three years?
(b) How long will it take for the investment to double?
(c) Ifit takes n years for the investment to treble, find the value of n.

. Stephanie is paying back a loan she took out to buy a car. She has renegotiated special payment terms
on the outstanding amount, $5950. She has arranged to pay $300 in the first month, $294 the next
month, and so on, reducing her payment by 2% each month.

(a) How many months will it take Stephanie to pay oft the outstanding amount?

(b) What is the value of her last monthly payment?

. The following is an extract from a national newspaper (in April 2010) about the rise in school fees:
‘Private school fees have risen by 42% over the last five years due to inflation.

It is assumed that the annual rate of inflation is 7% and has stayed constant over the past five years.
(a) Find the value of r to two decimal places

(b) Given that the fees at Donna’s school were $40,000 in April 2010, work out what Donna’s school
fees were in:

(i) April 2008 (ii) April 2006.
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7. Mr Abban plans to buy a new car for £25,995. He applies to the bank for a loan repayable over a period
of three years at 5.9% per annum. The loan schedule is shown below, with some of the information
missing. Calculate each of the three missing items on the loan schedule.

Cash Price £25,995
£2,995 Deposit
followed by 1 Payment of £651.76
and 35 monthly payments of

Borrowing Rate 5.9% per annum

8. Jennifer bought her new BMW 3-Series car for £27,245. Her brother James bought his new
Mercedes C-Class for £29,015.

The salesman claimed that:
e The BMW 3-Series is worth around 70% of its new price after three years.
e The Mercedes C-Class is worth 86% of its initial purchase price after one year.
(a) What will Jennifer’s car be worth after three years, based on the salesman’s claim?
(b) What is the annual depreciation rate of the BMW?
(c) How much of its value did James’s car lose after a year, according the salesman’s claim?

(d) If James sold his car three years later for £20,000, what was the equivalent annual rate of
depreciation?

(e) Based on the salesman’s claim, was James better off selling his car or not? Explain your answer.

~Past paper questions

1. On Veras 18th birthday she was given an allowance from her parents. She was given the following choices.
e Choice A: $100 every month of the year

e Choice B: a fixed amount of $1100 at the beginning of the year, to be invested at an interest rate of
12% per annum, compounded monthly

® Choice C: $75 the first month and an increase of $5 every month thereafter
e Choice D: $80 the first month and an increase of 5% every month thereafter

(a) Assuming that Vera does not spend any of her allowance during the year, calculate, for
each of the choices, how much money she would have at the end of the year. [8 marks]

(b) Which of the choices do you think that Vera should choose? Give a reason

for your answer. [2 marks]




(c) On her 19th birthday, Vera invests $1200 in a bank that pays interest at 7% per annum
compounded annually. Vera would like to buy a scooter costing $1452 on her 21st birthday.
What rate will the bank have to offer her to enable her to buy the scooter? [4 marks]

[Total 14 marks]

[Nov 2002, Paper 2, Question 3] (© IB Organization 2002)

. Annie is starting her first job. She will earn a salary of $26,000 in the first year and her salary will

increase by 3% every year.
(a) Calculate how much Annie will earn in her 5th year of work. [3 marks]

Annie spends $24,800 of her earnings in her first year of work. For the next few years, inflation will
cause Annie’s living expenses to rise by 5% per year.

(b) (i) Calculate the number of years it will be before Annie is spending more than she earns.

(ii) By how much will Annie’s spending be greater than her earnings in that year? [6 marks]
[Total 9 marks]

[May 2006, Paper 2, Question 4(ii)] (© IB Organization 2006)

. Give all answers in this question correct to the nearest dollar.

Clara wants to buy some land. She can choose between two different payment options.
Both options require her to pay for the land in 20 monthly instalments.
e Option 1: The first instalment is $2500. Each instalment is $200 more than the one before.
e Option 2: The first instalment is $2000. Each instalment is 8% more than the one before.
(a) If Clara chooses option 1,
(i)  write down the values of the second and third instalments;
(ii) calculate the value of the final instalment;
(iii) show that the total amount that Clara would pay for the land is $88,000. [7 marks]
(b) If Clara chooses option 2,
(i) find the value of the second instalment;
(ii) show that the value of the fifth instalment is $2721. [4 marks]

(c) The price of the land is $80,000. In option 1 her total repayments are $88,000 over
the 20 months. Find the annual rate of simple interest which gives this total. [4 marks]

(d) Clara knows that the total amount she would pay for the land is not the same for both
options. She wants to spend the least amount of money. Find how much she will save
by choosing the cheaper option. [4 marks]

[Total 19 marks]

[May 2008, Paper 2, Question 10] (© IB Organization 2008)
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4. Sven is travelling to Europe. He withdraws $800 from his savings and converts it to euros. The local
bank is buying euros at $1: €0.785 and selling euros at $1: €0.766.

(a) Use the appropriate rate above to calculate the amount of euros Sven will receive.

(b) Suppose the trip is cancelled. How much will he receive if the euros in part (a) are changed back
to dollars?

(¢) How much has Sven lost after the two transactions? Express your answer as a percentage of Sven’s
original $800.

[May 2006, Paper 1, Question 10] (© IB Organization 2006)
5. Emma places €8000 in a bank account that pays a nominal interest rate of 5% per annum, compounded
quarterly.

(a) Calculate the amount of money that Emma would have in her account after 15 years.
Give your answer correct to the nearest euro. [3 marks]

(b) After a period of time she decides to withdraw the money from this bank. There is €9058.17
in her account. Find the number of months that Emma had left her money in
the account. [3 marks]

[May 2008, Paper 1, Question 8] (© IB Organization 2008)




Descriptive-statistics

THE CAUSES oF MORTALITY
IN THE ARMY IN THE EAST.

WOUNDS
PREVENTABLE DISEASE

OTHER CAUSES

Florence Nightingale’s circular histogram to support
improved hospital conditions in Scutari.

In 1854, Russia was at war with Turkey. England and France went to Turkey’s aid and sent soldiers to fight in
the Crimea. Conditions were dreadful, and soldiers of all the armies were dying of hunger and disease as well
as from wounds sustained in battle.

Florence Nightingale went to Scutari, one of the worst hospitals, and was appalled by the conditions that she
found there. However, before she could make improvements, she faced the difficult task of convincing the
authorities in London that improvements were necessary.

While she was growing up, Florence loved mathematics and had special tutors to help her study. She was only
eight when she drew her first statistics diagram. While at Scutari, she kept careful records of all the patients,
documenting the reasons for their death or recovery. She realised that pages of figures and tables are difficult
to interpret and to explain. So she drew one of the first circular histograms, or ‘rose diagrams, to illustrate the
causes of soldiers’ death during the war.

The diagram has twelve sectors, one for each month of the year. The largest area, the outer layer coloured blue,
shows the deaths from infectious but preventable diseases. The red areas show the deaths from wounds, and
the black areas are for ‘all other causes.

The impact was immediate: pages of figures were condensed into a single, clear graphic image. It is fair to
imagine that Florence Nightingale’s diagram was an important part of her campaign to improve the conditions
in military hospitals, and helped her to achieve the transformation for which she is remembered.

~
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Prior learning topics
It will be easier to study this topic if you:

know how to collect data

are able to use tally marks to create a frequency table for data
can recognise and interpret bar charts, pie charts and pictograms
can draw your own bar charts, pie charts and pictograms.
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Chapter 5/

display of data

The world is flooded with data. There is more information available now
than there has ever been before, and much of it is available to anyone
who wishes to access it. This abundance of easily accessible information
is fantastic but can also create problems. A mass of data can be difficult to
make sense of until it has been organised into a form that has meaning.

Statistics is the branch of mathematics that organises data and presents

it in a format that is understandable and useful. It is concerned with the
ways in which to analyse data, and how to show the significance of that

data after it has been analysed.

When presented with a large quantity of data, one of the first decisions you
need to make is how to classify the data. If you do a seaside survey for your
Biology coursework, you will have pages filled with information: lengths
and masses, colours and numbers, areas and names of species. How many
of these pieces of information can you put together? Can you compare the
area of seaweed with its mass, or the colour of a shell with its diameter?

In this chapter, you will study some of the diagrams that you can use to
make data easier to understand.

@ Classifying data

Classification and

(In this chapter you will learn:

The first thing you need to do when faced with a collection of data is to
classify it. The type of data that you are working with will determine the
kind of diagram you will use to present it and the calculations that you
can do with it.

Qualitative data is data that cannot be counted — for example, the

K

colour of a leaf.
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about classifying data as
discrete or continuous

how to deal with simple
discrete data and to draw up
frequency tables

how to treat grouped discrete
or continuous data and how to
draw up frequency tables

the definitions of mid-interval
values and upper and lower
boundaries of such data

how to use a GDC to draw
frequency histograms

how to produce cumulative
frequency tables for grouped
discrete data and for grouped
continuous data

how to find medians and
quartiles from cumulative
frequency curves

how to find five-figure

summaries and draw box and \
whisker diagrams. n
Statistics is an ]
important research 4 ‘
tool in many fields, g !
including biology, | 4
psychology and
economics. '
7
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¢
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Quantitative data is data that comes from counting or measuring. The
mass of a shell, the length of a stream, and the number of birds in a flock
are all examples of quantitative data.

Quantitative data can be classified as either discrete or continuous.

( Discrete data can take only certain distinct values, such as whole
numbers, or fall into distinct categories. For example, the number of
birds in a flock is discrete data: you can count 7 or 8 birds, but not 7%
birds. The units of measurement for discrete data cannot be split into
smaller parts. Be careful — for example, shoe size in the UK is measured
in whole and half sizes so it is possible to have a shoe size of 6 or 6%.
Discrete data might not always be a whole number. UK shoe size is

| m restricted to a whole number or the half sizes between those whole
numbers and no other division is possible, so it is discrete data.

Continuous data can take any values within a certain range of real
|' numbers. This type of data usually comes from measuring. For example,
3 - the length of a bird’s wing could be 10 cm, 10.1 cm, 10.12 cm, 10.12467 cm
4 or any other value from 10 cm to 50 cm depending on the species of bird
% 1 and the degree of accuracy to which the measurement was taken. You can
] choose how accurately you measure the data. For example, the length of a
= ' bird’s wing can be measured in centimetres or millimetres; the mass of a
1 pebble can be measured in grams or kilograms.

Populations, samples and bias when collecting data

\ It is important that any data is collected with a clear purpose. A large
y quantity of information is very difficult to analyse unless you have
| decided what question(s) you are seeking to answer, and why you
[ ‘ are asking it. You also need to decide on the population that you are
studying, and how you are going to take samples from that population.

being studied. For instance, if you are studying the distribution of a
particular kind of shellfish, the population would consist of all the
shellfish of that type in the region you are looking at. You could also
study different variables relating to that species, such as their mass or
the depth of water in which they are found.

‘ The population is the particular group of objects or people that are

Populations can be very large, such as all the people in your town, all the
plants in a park, or all the cars sold by a local dealer, so it might not be
practical to collect data for the whole population. Once you have decided
on the population and the question(s) that you want to answer, you will
l need to think about how you are going to choose samples from this
population that are of a practical size to collect and to analyse.

@ A sample is part of the population being studied. It should be chosen
'I with care because if you choose badly the data that you obtain could be
You will not be set any questions on of little or no use.

sampling in your examinations, but . . . ) )
learning about sampling A representative sample is a small proportion of the population that is

can be useful for projects. supposed to be representative of the whole population being studied.

- e
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A random sample is a sample chosen in such a way that all members of
| the population have an equal chance of being selected.
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A biased sample is a sample chosen by a method where some members

of the population are more likely to be selected than others; this will
result in distorted or unfair data.

Suppose that you are doing a survey at your school that asks ‘should we
replace the swimming pool with a basketball court?’. Then:

o the population consists of all the students in your school

e to collect a representative sample, you would need to select students

in order to make sure that you get a cross-section of opinions; so
make sure you have students from each year, an equal mixture of

sporty and non-sporty students, a variety of ability levels, both sexes,

mixture of interests, etc.

e to collect a random sample, use a method of selection where every

student has an equal chance of being chosen (name out of a hat, date

of birth, etc.)

e you would be collecting a biased sample if you survey only your
friends or if you survey only the basketball team.

So, for any statistical collection of data that you plan, you need to ask the

following questions:
e Have I decided on a clear research question?
e Have I defined the population?

e Have I chosen a method of taking samples that will not be biased?

Worked example 5.1

: Data needs to be

looked at critically.
Any data should be

scrutinised for the reason
that it was collected and
for . Try asking
yourself ‘Who paid for the
data to be collected and
analysed?’.

Q. | Javed wants to study the statistics of the Athletics World
Championships, with a particular interest in the high jump
competition. Copy and complete the table to give an example of
possible parameters of his survey.

Type of data

Example

Qualitative data

Quantitative data

Discrete data

Continuous data

Population

Variables

Representative sample

Random sample

Biased sample
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continued. . . j
A
Qualitative data The names of the countries taking part.
Quantitative data The number of attempts each athlete
makes.
Discrete data The number of athletes in each team. p
Continuous data The height of the ‘personal best’
Jjump for each athlete.
Fopulation All the athletes competing in the high jump
competition.
Variables Each athlete’s age, number of years on
the team.
Representative sample | Javed goes through the team lists, y
and chooses athletes that represent a
cross-section of each team.
Random sample Each athlete is assigned a number, and
Javed selects his sample by using a
random number generator.
Biased sample Javed picks his favourite athletes. ‘(3

Exercise 5.1

1. State whether each of the following examples of quantitative data is
discrete or continuous:

(a) the time it takes to run 100 metres

(b) the number of runs scored in a cricket match

(c) the distance jumped by Philip in the Olympic triple jump

(d) the number of words in the first sentence on each page of a book

(e) the number of items found in the pencil cases of students in
a class

(f) the length of the footprints of children in a school

(g) the mass of each potato in a sack

(h) the number of electrons in the outer shell of different atoms
(i) the number of leaves on each branch of a tree

(j) the arm spans of basketball players in a team.
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@ Simple discrete data

Simple discrete data consists of a list of individual values. The data can
be organised by putting it into a frequency table. Frequency tables list
each variable (measurement) and its corresponding frequency, and make
it easier to see the shape, or distribution, of the data.

Worked example 5.2

Q. | Dee asks all the children at her younger brother’s school how
many siblings they have. Put her results into a frequency table
and include a tally chart. What does her data say about the
number of siblings?

Frequency tables can

sometimes include a tally A. Number of siblings Tally Frequency
chart but it is not essential. 0 W 12
1 Hil M 21
2 I 14
3 I 9
4 Il 4
Total number of children 60
questioned

The table shows that 21 children have only one brother or sister,
while 4 children have 4 brothers or sisters each. The most
common number of siblings from this sample is 1.
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The best diagrams for displaying discrete data are pie charts and
bar charts.

Bar charts for discrete data have gaps between adjacent bars. They are
usually drawn with vertical bars where the discrete data (or categories)
are plotted along the horizontal axis and frequency is plotted on the
vertical axis. You can also have horizontal bars (where the discrete
variable is plotted on the vertical axis and the frequency on the
horizontal axis) but this is less common and more likely to be seen in A
newspapers or magazines than in mathematics books.

Pie charts display the data as parts of a whole, where the circle 1
represents the total frequency of your data and the sectors represent
different measurements. You plot data on a pie chart by calculating
the frequency of a given measurement as a fraction of the whole and
converting it into degrees (so that it is a fraction of 360°).

Let’s see how Dee could display her data.
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Dee displays her data in a bar chart:

25 A

20

15

Frequency

10—

0 1 2 3 4
Number of siblings

Dee also used a pie chart to display her data like this:

Number of siblings

Exercise 5.2

In each question you are given a set of discrete data. Draw up a frequency
table, bar chart and pie chart to summarise the data. Make a statement
about your data.

1. The homework marks (out of 10) of 25 students:
98,7,7,6,7,6,7,10,5,10,8,6,9,7,5,9, 8,8, 5,6, 10,9, 5, 7

2. The number of rejects in each of 36 batches of laptop batteries:
,0,0,25,1,3,0,0,2,0,0,0,0,2, 1, 4, 2,
3,33,41,35,0,0,2,4,4,3,2,3,1,1,2

3. The number of home runs in 17 baseball matches:

28, 23, 24, 24, 25, 26, 26, 27, 27, 27, 27, 28, 28, 28, 31, 31, 34

UKL ] VI AL




@ Grouped discrete data

When you have a large sample of discrete data with a big difference
between the smallest data value and the largest data value, you might find
that the total frequency is spread thinly across the many values between
the smallest and largest values. When this happens, a frequency table

like the one created for Dee in Worked example 5.2 might not be very
informative. It would lead to a very long frequency table that will not show
clearly any shape or pattern in the data, making it difficult to analyse.

Grouping the data into ‘groups’ makes it easier to summarise discrete
data when the data set is large and/or there is a big difference between
the smallest and the largest values. Preferably, the data set should be
divided into five to fifteen groups, but the number of groups to take will
depend on the size of the sample and the spread of the data. It is easier to
make a fair analysis of the distribution of the frequency if the size of each
group (the range of data values it includes) is equal. For example, each
group might cover four data values. Remember however, that although
grouped data allows us to see general patterns more clearly, some detail
will be lost.

You can group the data using unequal
sized groups where one group might
cover ten values and another includes
five, but the data needs to be handled
slightly differently in order to make a
fair analysis.

| e

,
Worked example 5.5 { } l/ ,
Q. | Ahmed records the project marks of 50 IB students on the )‘
Mathematical Studies course: 4 ‘ _\
7 14 | 16 | 10 | 20 | 10 | 19 | 13 8 14 A -’—-\
d
15 8 13 |17 | 11 | 17 | 11 | 15 | 20 | 12 4
14 | 18 6 11 | 12 | 13 6 11 | 12 | 17 ; A
Va D\ 20 9 13 7 15|12 | 11 | 14 | 11 | 20 (4 . '
There are 50 data values 1m 171518 8 1413|1917 9|\ F.
ranging from 7 to 20, so it is /] &
sensible to group the data. Enter the data into a grouped frequency table and ” o 4
We have chosen to use seven ST G e il :
equal-sized groups (even Ji
though two of them will have > A Marks Tally Frequency ! ' o
no entries in them); other 0-2 O / .
groups are possible. Each 3_5 0 b K 1
group includes three values; for o - {\ r -
example, the group 6-8 includes - Ml } [
\ the marks of 6, 7 and 8. ) =1 MW 11 y " :
12-14 W 14 $
15-17 H 10 {11
18-20 Hi_I & Iy
50 '
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continued . ..

a, A

From the frequency table, it is not possible to see how

many students scored © marks, or 7 marks, or & marks; we

can only see that there are seven people altogether whose
marks are in the 6-& group, so some detail has been lost
because the data has been grouped. However, we can see

a general pattern that suggests students tend to score 3
between 9 and 17 marks. )

.W_‘[N*"' M\»A*‘“’j,“%“)

A bar chart can be used to display grouped discrete data. Here, the
groups are plotted along the horizontal axis; again, there should

be spaces between the bars to indicate that the data is discrete. The
frequency table in Worked example 5.3 can be converted to the following
bar chart:

144

12

10

Frequency

6—

6-8 9-11 12-14 15-17 18-20
Marks

Exercise 5.3

1. The following data shows the number of students enrolled on the
Mathematical Studies course in 28 accredited IB schools:

15, 24, 20, 11, 15, 12, 8, 20, 11, 21, 18, 5, 10, 5, 13, 11, 4, 10, 4, 9,
12,12, 14, 14, 5, 15,17, 4, 18, 13,13, 21,9, 11, 12, 14, 15, 21, 4, 24

Complete a frequency table with groups 0-4, 5-9, 10-14, etc.
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2. The number of a certain band’s CDs that were sold per month over
2.5 years are as follows:
52,51, 71,49, 50, 68, 52, 65, 48, 51, 67, 56, 58, 65, 68,
66, 66, 52, 67, 62, 67, 59, 74, 65, 70, 57, 64, 71, 67, 54
Complete a frequency table with groups, 45-49, 50-54, 55-59, etc.
In questions 3-6, draw a bar chart to represent the given set of data.
3. Examination marks of a group of students:
Exam mark 1-20 | 21-40 | 41-60 | 61-80 | 81-100
Number of students 3 5 6 12 8 |
4. Age of teachers, in completed years, at a high school: ‘
Age of teachers 21-30 | 31-40 | 41-50 | 51-60 ; 'f
Frequency 12 23 17 8 |
|
5. Length of service, in full years, of head-teachers in a sample of ' ‘
county schools: [ /
”»
Length of 0-6 7-13 | 14-20 | 21-27 | 28-34 l
service(years)
Frequency 9 18 25 12 6 l L §
6. The number of books borrowed from a school library by a group of \ "
students in an academic year: R,
Number of books 0-3 4-7 8-11 | 12-15 | 16-19
Number of students 3 6 15 11 7
v
4
. | ‘—'
@ Grouped continuous data )
Continuous data can take infinitely many possible values depending on the -
degree of accuracy used in the measurement. Therefore, the total frequency r
will be spread very thinly across many data values and it is important to ) 4
group the data before we can summarise it in a frequency table. ' A
Grouping continuous data is not as straightforward as grouping discrete P “‘

data; it can be quite difficult to define the smallest and largest value of L
each group because they can take an infinite number of values! Groups

of continuous data are usually called classes instead, and the smallest

and largest values of each class are called the class boundaries. The [ "/
boundaries are defined by a given set of parameters and values are
assigned to each class based on these parameters. There should be no
gaps between the boundaries, so that no data values will be missed.

There are two main conventions for defining the class boundaries.
Whichever one you use, the important point to remember is that all data
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should be able to fit into a class, and that no data value should be able to
fit into more than one class.

Convention 1:
lower boundary < data value < upper boundary

In the first convention, the boundaries of a class are chosen so that all
the measurements in that class are smaller than the upper boundary but
greater than or equal to the lower boundary.

For example, the following frequency table gives the heights of 40 plants.
The height of each plant was measured to the nearest centimetre, and
then recorded. The data has been grouped in such a way that:

0 < h <5 is the class containing all plant heights greater than or equal
to 0 cm but less than 5 cm (it is often written simply as 0-5),

5 < h <10 is the class containing all plant heights greater than or
equal to 5cm but less than 10 cm (it is often written simply as 5-10),
and so on.

Height h (cm) Frequency
0<h<5 5
5<h<10 7

10<h<15 13
15<h<20 8
20<h<25

25<h<30 2

Note that with this convention, the upper limit of each class is the same
as the lower limit of the next class. This makes sure that all data values
will fit into a class.

Convention 2:
lower boundary — x < data value < upper boundary + x

In the second convention, there is a gap between the limits of
consecutive classes as if you were grouping discrete data. But, each class
actually begins or ends in the middle of the gap; any value that falls into
a gap between two classes is rounded up or rounded down using the
‘<5 or 25 rule, to the closest class limit. x in the example above
indicates the appropriate degree of accuracy to which the class
boundaries are defined.

For example, the masses of players in a football competition were measured
before the tournament began. The mass of each player was measured

in kilograms to an accuracy of one decimal place, and the masses were
grouped to the nearest kilogram; so using the ‘< 5 or 2 5 rule; x =0.5.

The following frequency table was compiled using the second convention
of defining class boundaries:

61-65 is the class containing all masses greater than or equal to
60.5kg (which will be rounded up to 61kg) and less than 65.5kg
(which will be rounded down to 65kg),
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66-70 is the class containing all masses greater than or equal to
65.5kg and less than 70.5kg,

and so on.
So the actual class boundaries are 60.5 (61 — 0.5), 65.5 (65 + 0.5), 70.5
(70 + 0.5) and so on, that is, values that lie in the middle of the gap
between the upper limit of one class and the lower limit of the next.

Mass (kg) Frequency
61-65 8
66-70 15
71-75 21
76-80 14
81-85
86-90

Be careful — sometimes data will be grouped according to a method
that is neither of the two conventions described above. The boundaries
of a class may be chosen so that all measurements in that class are less
than or equal to the upper boundary and strictly greater than the lower
boundary. For example:

Time (minutes) Frequency
40<t<50 7
50<t<60 13
60<t<70 10
70<t<80 6
80<t<90

Always look carefully at how the classes are defined in a grouped
frequency table.

As with discrete data, grouping continuous data will result in the loss of
some original information. After the data is grouped, you can only tell
how many items there are in each class, but not their original values.

Grouping the data does give a clearer overall picture, however, and
prepares the data for any subsequent calculations.

Exercise 5.4

Each question gives the results of 30 students participating in a particular
event on College Sports Day. Draw up a frequency table for each set of
data, using appropriate classes.

1. 100 m race times in seconds:

17.72| 16.95| 17.07| 18.17|22.59 | 19.54|17.83 | 25.19|21.68
23.4 | 13.85/19.07| 21.26|21.3 | 20.71|18.6 | 13.84|14.7
16.65| 22.92| 20.48| 30.58|24.81 | 17.64|21.04 | 18.04|13.89

=03
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' @ You will learn about
="

measures of central
tendencies (averages)
in Chapter 6.
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. Shot put distances in metres:

10.55| 7.6 | 891| 9.3 8.6 | 6.31 |11.25|11.62|11.41| 9.56
6.73| 93 | 7.96| 7.58 |13.67| 547 | 7.2 | 82 | 6.62| 5.81
12.35| 6 10 6.17 |11.17 | 7.97 | 14.04| 6.82| 9.16| 9.19

3. Long jump distances in metres:

1.95| 536 | 2.76 | 391 | 4.13 | 481 | 42 | 4.66 | 4.87 | 4.17
249 | 279 | 391 | 565 | 594 | 496 | 3.9 | 444 | 49 | 437
53 | 6.05| 3.65| 6.1 | 452 | 445 | 6.49| 393 | 3.76| 6.34

4. 400m race times in seconds:

78.0368.2179.06 | 61.16 | 66.51 | 72.22 | 73.13 | 64.03 | 72.12 | 64.49
75.1368.96 | 68.54 | 73.44 | 68.14 | 72.49 | 67.52 | 73.1 |74.77 | 67.13
81.38|74.1 |69.23|75.67|70.45|81.38 |72.44|67.12|76.77 | 72.18

5. Javelin distance in metres:

26.29| 32.67| 41.36| 39.93| 39.55| 38.08| 32.5 | 37.24| 29.28| 27.45
32.55| 37.38| 33.92| 35.72| 44.97| 33.98|42.08 | 29.42| 35.92| 41.02
40.23| 36.82| 33.09| 32.25| 48.79| 32.46|47.24 | 26.61| 37.82| 30.48

Mid-interval values and upper and
lower boundaries

You have already seen that grouped data is useful to identify general
patterns but that the detail of the data is lost. What if you wanted to
calculate some statistics about the data but you are only given the grouped
frequency table? How can you do this without the detailed data? The
mid-interval value allows you to estimate statistical values of the data.

In grouped data, the mid-interval value is the value that is half-way
between the upper and lower boundaries of the group or class. It is the
‘average’ value of that particular group. When using the mid-interval
value to make conclusions about our data, we assign the frequency for
that group to this value as it is easier to deal with a ‘representative’ value
for that group than it would be to deal with all the values of that group.
This is why it only allows you to estimate statistical data, because not all
points in that group will really be at the mid-interval value.

To calculate the mid-interval value for discrete data:
e The lower boundary of a group is the lowest value in that group.
e The upper boundary of a group is the highest value in that group.

e To find the mid-interval value of a group, add the upper and lower
boundaries and divide the sum by two.

21 8 PR 4
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For example, for the group 12-14 in a set of discrete data:

o The lowest value is 12, so the lower boundary is 12.
o The highest value is 14, so the upper boundary is 14.

e (12+14) +2 =13, so the mid-interval value is 13.

To calculate the mid-interval value for continuous data, the definition of
o : The upper and

the mid-interval value depends on how the data has been rounded and .

hich tion has b d to define the cl lower boundaries
which convention has been used to define the classes. are harder to
Look again at the example of plant heights from the previous section. define for continuous data
The classes are: than they are for discrete

) data, and often different

0<h<5,5<h<10,10<h<15,15<h <20, etc. and were defined using statisticians will come up

convention 1. with different answers!
e The lower class boundaries are 0, 5, 10, ... T_hmk_abOUt Wh,y this

situation has arisen.
e The upper class boundaries are 5, 10, 15, ...

e Use the same sum as for discrete data to find the mid-interval value
[(lowest class boundary + highest class boundary) + 2]:
(0 +5) + 2 =2.5is the mid-interval value for the first class;
(5+10) + 2 =7.5 is the mid-interval value for the second class, and
SO on.

In summary, the full calculations for the plant height data are:

Height (cm) Class boundaries Frequency Class width Mid-interval value
0<h<5 0-5 5 5-0=5 (0+5)+2=25
5<h<10 5-10 7 5 7.5
10<h<15 10-15 13 5 12.5
15<h<20 15-20 8 5 17.5
20<h<25 20-25 5 22.5
25<h<30 25-30 5 27.5

Look again at the masses of the footballers from the previous section.
The classes are:

61-65, 66-70, 71-75, etc. were defined using convention 2.

So in this case the lowest boundary is not, for example, 61 but is instead
60.5 because any value between 60.5 and 61 would have been rounded
up to 61. Similarly, the highest boundary is not, for example, 65 but is
instead 65.5 because any value between 65 and 65.5 would have been
rounded down to 65.

e The lower class boundaries are 60.5, 65.5, 70.5, ... ‘

e The upper class boundaries are 65.5, 70.5, 75.5, ...

e Use the same sum as before: (60.5 + 65.5) + 2 = 63 is the mid-interval
value for the first class; (65.5 + 70.5) + 2 = 68 is the mid-interval
value for the second class, and so on.
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The full calculations for the footballers’ mass data are:

VA

61-65 60.5<w<65.5 8 65.5-60.5=5 (60.5+65.5) +2 =63
66-70 65.5<w<70.5 15 5 68
71-75 70.5<w<75.5 21 5 73
76-80 75.5<w<80.5 14 5 78
81-85 80.5<w<85.5 5 83
86-90 85.5<w<90.5 5 88

Remember the following points:

e Ifyou have collected your own data and then organised it into
classes, make sure that you have described the upper and lower
boundaries of each class accurately.

&
.

If you are using someone else’s data, look at it carefully and make
sure that you understand how they have defined the upper and lower
class boundaries.

Exercise 5.5

1. The following table shows the times (in seconds) taken to run the
110-hurdles race in a decathlon competition.

Copy and complete the table by filling in the class boundaries, class
width and mid-interval values

18<t<20 18-20 3 2 (184+20)+2=9
20<t<22
22<t<24
24<t<26 10
26<t<28
28<t<30

2. Copy and complete tables like the one below for the sets of discrete
data given in questions 3-6 of Exercise 5.3.

3. Use your answers in Exercise 5.4 to complete tables like the one
above for the sets of continuous data given in each question of the
exercise.

(K ] INAL:
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@ Frequency histograms

To understand grouped continuous data and get a good idea of its shape,
the most useful diagram is often a frequency histogram.

A frequency histogram is not the same as a bar chart, although they may
look similar. In a histogram, the frequency of a data class is represented
by the area of the bar, whereas in a bar chart it is represented by the
height of the bar.

In a histogram, the width of a bar is defined by the lower and upper
boundaries of that class of data. Since we are looking at continuous data,
the upper boundary of each class will be the same as the lower boundary
of the next class, so there will be no gaps between adjacent bars.

In this course we will consider only histograms which have bars of 2 ‘l’
equal width, meaning that all the data classes have equal size. Note that ‘ _Bf
if every bar has the same width, then the area of each bar is directly

proportional to the height of that bar, and so the frequency of that data ' P

class will be represented by the height of the bar, just as it is in bar charts
for discrete data. Bear in mind, though, that in histograms with bars of @
unequal width, the frequency of a data class is not directly represented

by the bar height. Any histograms that you encounter in i
Also be aware that some histograms may look as if they have gaps examinations will have class intervals
between the bars — but that would be because some of the data classes of equal width.

are empty.

You can draw histograms by hand or by using your GDC or a computer

graphing package. See section ‘5.2 Drawing a histogram’ on page 664 of

the GDC chapter for a reminder of how to use your GDC if you need to.

When drawing a histogram by hand, you would plot the class intervals
along the horizontal axis and the frequency for each data class along the “%
vertical axis to get the bars. A GDC constructs a histogram using the

mid-interval value and frequency of each class to draw the bars. f
.
Let us plot histograms for the plant heights and footballers’ mass data y
given in section 5.4. h
Plant heights: ’ .
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Footballers’ masses:
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If you draw the histogram by hand or with a computer statistics package,
you will be able to add more detail to your graph, such as labelling the
axes and giving it a title:

Plant heights
14

12

10

8

Frequency

15 20
Height (cm)
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Masses of footballers

Frequency

60 65

70

75 80 85 90
Mass (kg)

Worked example 5.4

.A

NRLY L

AT G

Every day at noon, Fingal records the rainfall at his home near Sligo. The
rainfall is measured in millimetres. These are his results for July 2012:

87 | 48 [108| 69 | 78 | 89 | 18 |23 | 5 | 13 |25 | 41| 32
76 |132]136| 49 | 95 |105| 48 | 10 | 15 | 21 | 38 | 49 | 62
61 | 42 | 35|18 | 14

) I

=2
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Use the data to:
(a) complete a frequency table (b) draw a histogram.
| Rainfall | Tally |Frequency | 1
0<r<20 il 5 5
20<r<40 Il 8 .
40<r<60 (N 5]
60<r<80 il 5 .
80<r<100 M 3
100<r<120 | | 2 »
120<r< 140 I 2 p Q
Total 31 ‘
July rainfall '
8 /!
6 2
Frequency 4 d 0

2

40 60 80 100 120
Rainfall (mm)
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Exercise 5.6

Each question presents a set of data. Copy and complete the given
frequency table and hence draw the corresponding frequency histogram.

1. The number of days spent on revision for a final examination by a
group of students:

10, 34, 37, 33, 12, 15, 34, 34, 34, 13, 28, 23, 34, 11, 13,
36, 23, 38, 31, 16, 16, 36, 26, 28, 12, 19, 19, 33, 19, 12

10-14
15-19
20-24
25-29
30-34
35-39

2. The thickness, in mm, of books on a library shelf:
11, 19, 49, 36, 63, 38, 56, 23, 26, 10, 38, 51, 86, 43, 83, 80, 63, 71, 28, 18,
80,22, 70,12, 68, 57, 21, 59, 68, 55, 47, 50, 62, 68, 46, 80, 21, 19, 14, 29

0-14
15-29
30-44
45-59
60-74
75-89

3. The time, to the nearest minute, taken to complete a given homework
assignment:

43,79, 85,70, 71, 60, 78, 79, 77, 82, 80, 91, 57, 67, 75,
54, 64, 86, 69, 84, 72, 89, 79, 85, 63, 60, 74, 89, 62, 88,
80, 69, 63, 92, 93, 70, 80, 59, 81, 89, 42, 93, 56, 65, 82

40<t<50
50<t<60
60<t<70
70 <t<80
80<t<90
90 <t<100

Note: the classes here are defined differently from either of the two
conventions described in section 5.4.
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4. The masses to the nearest gram of a random selection of apples
before they are bagged on a farm:

\J

151-190 2
191-230 12
231-270 17
271-310 6
311-350

151-190 | 150.5-190.5 | 190.5 — (150.5 + 190.5) 2
150.5=40 |+2=170.5

191-230
231-270
271-310
311-350

5. The volume of fuel (to the nearest litre) bought by 50 different drivers
at a filling station in a two-hour period:

20-39 5
40-59 12
60-79 20
80-99 9
100-119

20-39 5
40-59 12
60-79 20
80-99 9
100-119 4

6. A country’s monthly iron ore production in millions of tonnes (for
this question select your own classes):

8.3,7.5,8.6,8.7,89,8.0,7.5,7.2,7.6,7.7,8.1,8.2, 8.2, 8.5,
7.9,8.3,8.1,82,83,82,83,7.7,8.3,8.7,85,7.9,8.1
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7. The masses of 30 tennis balls were recorded at the beginning of a
tournament. The masses of the balls, in grams, are listed as follows:

56.1, 56.7, 55.3, 57.2, 56.2, 58.4, 58.1, 55.8, 59.3, 55.4,
58.0, 57.7, 58.3, 57.3, 57.0, 57.9, 56.9, 59.4, 58.1, 57.7,
57.1,55.9, 56.7, 58.5, 56.6, 57.1, 57.8, 56.4, 57.8, 58.5

I

55.0<w<555

55.5<w<56.0
56.0 <w<56.5
56.5<w<57.0
57.0<w<575
57.5<w<58.0
58.0<w<585
58.5<w<59.0
59.0<w<595

Note: the classes here are defined differently from either of the two
conventions described in section 5.4.

@ Cumulative frequency

Cumulative frequency is the total frequency up to a certain data value.
For grouped data, you can calculate the cumulative frequency at the
upper boundary of each data class by adding the frequency of that class
to the cumulative frequency up to the class before. In other words, you
keep track of the ‘running total’ of the frequency at each class boundary,
showing how the frequency accumulates. The cumulative frequency
allows you to make general statements about your data, for example ‘60%
of children in my school have at least one pet’

Cumulative frequency tables

To make a cumulative frequency table, you add an extra column to a
frequency table. This column is used to keep track of the running total.

(K ] INAL:
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Exercise 5.7

1. The following table shows the hammer throw distances recorded in a
competition. Complete the cumulative frequency table

\

A\

A ¥ k)
=

Worked example 5.5

4

Y [ O4

0

>

Add cumulative frequencies to the table of IB project marks

that Ahmed compiled in Worked example 5.3 and make
some observations about the data.

0-2 0 0
+/
T
3.5 o] 0
+/
-
6-6 24| 7
+/
/
9-11 1147 18
+/
=
12-14 144 32
+
15-17 104& 42
+/
/
18-20 X 50
S
/
Total frequency 50 '

From the cumulative frequency you can see that:
18 students gained 11 marks or fewer.
32 students gained 14 marks or fewer.
42 students gained 17 marks or fewer.

e T N Y

55<d<60

60<d<65

65<d<70

70<d<75

75<d<80

80<d<85

85<d<90

W | \O (0 || Ul | |WU»
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2. The following table shows the mean homework marks of students in
a school term. Complete the cumulative frequency table

Mark (%) Frequency | Cumulative frequency
20-29 1
30-39 2
40-49 5
50-59 10
60-69 12
70-79 4
80-89 3

3. Complete the following cumulative frequency table.

Test mark (%) Frequency | Cumulative frequency

31-40 2
41-50 6
51-60 9
61-70 15
71-80 10
81-90 7
91-100

Cumulative frequency curves (ogives)

Once you have created a cumulative frequency table, you can use

it to draw a cumulative frequency curve or graph. This graph has a
distinctive ‘S-shape; and is sometimes called an ogive. You can use the
curve to answer questions about the data up to a certain data value and
you can use it make estimates about the data such as what frequency a
certain data value might occur at, or what the frequency is likely be of a
particular data value. This can useful if you want to use existing data to
make predictions about data in the future.

You can also use the cumulative curve to estimate the ‘average’ data
value. This is the data value at which 50% of the total frequency lies and
the one you expect to occur most often. This is called the median. You
can also use the cumulative curve tell you at what data point 25% of
the frequency lies (the lower quartile), and where 75% of it lies (upper
quartile). These three values can help you to spot patterns in your data.

@ You will learn more about the median and other
measures of central tendency (averages) in

' Chapter 6, and more about quartiles in Chapter 7.
)Y |




= L

' r

Ve @B
AFR N/

When you draw a cumulative frequency curve:

1. Mark the values of the upper class boundaries along the horizontal

axis.
2. Plot the cumulative frequency values along the vertical axis.
3. Label the axes clearly.
4. Give the graph a title.

When using the graph to estimate the median or the values of the
quartiles:

1. Draw a dashed line straight across from the vertical axis until you
meet the cumulative curve.

(a) For the median, the value on the vertical axis will be at
50% x total frequency’

(b) For the lower quartile, the value will be 25% X total frequency’

(c) For the upper quartile, the value will be 75% X total frequency.

2. From the point where you meet the curve, draw a straight vertical
line (dashed) down to the horizontal axis and read off the value.

It is important that you include these dashed lines in your working to
demonstrate how you obtained each value.

Worked example 5.6

J v, 9 WV b
i"d’ F‘o A'!’lﬂ""‘/ d’ “

Q. | The total lung capacity (TLC) of 120 female members of a

sports club was recorded. The data was grouped into classes
of width 0.25 litres and the cumulative frequency was
calculated. Draw a cumulative frequency curve of the data
and make observations about the data.

Capacity (litres) | Frequency | Cumulative frequency
3.00-3.25 0 0
3.25-3.50 4 4
3.50-3.75 11 15
3.75-4.00 23 38
4.00-4.25 32 70
4.25-4.50 21 91
4.50-4.75 13 104
4.75-5.00
5.00-5.25
5.25-5.50




ou draw your cumulative frequency
h by hand, the values that you
te from it may differ from those
y a software package or GDC.
you estimated values for the median

quartiles by drawing lines correctly
\ graph, the examiner will accept
Ose values because you have shown
how you obtained them.

Topic 2 Descriptive statistics

number of statistical data:

From the cumulative frequency curve it is also possible to
estimate that, for example:

M‘\.‘-“MJM\M*‘
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continued . ..
Total lung capacity (women)
1204 >
yd
100 74
- - -_»- - - - ---_/
3 80
=
g
o /
o
s :
g I
3 40 ;
20 Lo
AT
o7~ — >
3 3.5 4 4.5 5) 55
Capacity (litres)
A. | Fromthe graph it is possible to read off estimates for a

The TLC achieved by 50% of the women (60 women) is
about 4.15 litres. This is an estimate of the median.

The TLC achieved by 75% of the women (90 women) is
about 4.5 litres. This is the upper quartile.

The TLC achieved by 25% of the women (30 women) is
about 3.95 litres. This is called the lower quartile.

About & women have a TLC of less than 3.6 litres.
About 105 women have a TLC of less than 4.8 litres.

15 (=120 - 105) women have a TLC greater than
4.8 litres.

S A VINAL:
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Worked example 5.7 f
k!

Q. | A company has 180 employees, and the company record
summarises their salaries as follows:

10<s<15 8 8

15<5<20 13 21

20<5<25 19

25<5<30 26 y
30 <5<35 32

35 <5< 40 35

40<s<45 20

45<5< 50 13

50 <5< 55 10

55 <5< 60 4

(a) Complete the cumulative frequency column.

(b) Draw a cumulative frequency curve to represent the
information.

(c) Use the graph to find an estimate for the median salary.

(d) Use the graph to calculate the percentage of the
employees with:

(i) asalary below $22,000
(ii) a salary above $58,000.

(e) Use your graph to estimate the upper quartile and the
lower quartile.

A A e AP N A A ATt a A

A | (@)
| Salarys(6,000) | Frequency | Cumulative frequency |

10<s5<15 8 8
15<5<20 13 5+13=21
20<s5<25 19 21+19=40
25<5<30 20 40+26=006
30<5<35 32 66 +352=956
35<5<40 35 986+35=133
40<5<45 20 133+20=153
45<5<50 13 153+ 13="166
50<5<55 10 166+ 10=176
55<5<60 4 176+4=1860
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Employee salaries
200
>‘ el
2
o} 150 Vs
o
Q
- /
9 100
kS| y,
> ,/
g 50 pd
(@] yd
3 > ¢
10 20 30 40 50 60 70
Salary ($,000)
Employee salaries
200
%) Zani
§ 150 d
ox /
Q
&= /
.g 100
g %
> /
E 50 pan
O S/
0

10 20 30 40 50 60 70
Salary ($,000)

The median salary is approximately $ 34, 000.

?
{
g
Employee salaries
200
150
/

100 &
{‘
é

(o]

(@)

N
AN

Cumulative frequency

7

10 20 30 40 50 60 70
Salary ($,000)

(i) Approximately 28 employees earn less than
$22,000:

£x100%=’15.6%
180

So, about 16% (to the nearest per cent) of employees
earn less than $22,000.
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continued . ..

(if) Approximately 179 employees earn less than
$56,000, so around 160 — 179 =1 employee earns
more than $58,000:

1 100%=0556%
180

1% of employees (to the nearest percent) earn more
than $58,000.

Employee salaries
200
> r i
(&) 7
€ 150 _
S DS T TEOT SIEOTEOTED 48
o
0
‘o 100 A
=
kS y, 5
g /A
e PO TEO T T EO T4 0
(@) 7
0

10 20 30 40 50 60 70
Salary ($,000)

The upper quartile of salaries is about $40,500. The lower
quartile of salaries is about $ 26,000.

This means 75% of employees earn up to $ 40,500 and about
25% of employees earn $ 26,000 or less.
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Exercise 5.8

1. The following table shows the times achieved by Olympic gold
medallists in the men’s 100-metres final from 1896 to 2008.

9.60 <t<10.00

10.00 <t<10.40 30
10.40<t<10.80 12
10.80 <t<11.20 14

11.20<t<11.60
11.60<t<12.00
12.00<t<12.40
12.40<t<12.80

N = | O

(a) Complete the cumulative frequency table.

(b) Draw a cumulative frequency curve to represent the information.

(c) Find an estimate of the median time.
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2. The following table shows the distances achieved by medallists in the
women’s long jump in the Olympic Games from 1948 to 2008.

5.50<d<5.75 3
5.75<d <6.00 1
6.00<d<6.25 5
6.25<d<6.50 4
6.50<d<6.75 7
6.75<d<7.00 11
7.00<d<7.25 15
7.25<d<7.50 1

(a) Complete the cumulative frequency table.
(b) Draw a cumulative frequency curve to represent the information.
(c) Find an estimate for the median distance achieved.

(d) Find estimates for the lower quartile and the upper quartile.

3. The hand spans of 60 female students are represented on the
cumulative frequency diagram below.

60 A

50

N
o

Cumulative frequency
W
o

N
o
N

o

15 17 19 21 23 25 2
Length of hand span (cm)

~

(a) Find an estimate of the median length of hand span.

(b) Estimate the number of students with a hand span less than
22.5cm.

~ (c) Calculate the percentage of students with a hand span greater
than 24 cm.

3 NS Z?é.’.(:-fiw’ 4{! ‘,l.{ﬁ
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@ Box and whisker diagrams

The picture below shows how cumulative frequency curves are related to
another sort of statistical diagram called a box and whisker diagram or
box plot.

A Total cumulative frequency

75% of cumulative freq.
Upper quartile

Cumulative frequency

50% of cumulative freq

/ Median

25% of cumulative freq.
Lower quartile

Values‘

— | —

7~ S
Smallest value / | \ Largest value

Lower quartile Median Upper quartile

~=

A box and whisker diagram summarises five important values from a
set of data, and gives you a simple picture of the data. It is also useful
when you have two or more sets of data and wish to make comparisons
between them.

The information displayed by a box and whisker diagram is sometimes
called a five-figure summary. The five figures are:

AN,

e the smallest value (minimum) of the data
e thelower quartile (Q,)

e the median (Q,)

e the upper quartile (Q,)

o the largest value (maximum) of the data.

Revisiting the example on total lung capacity in the previous section
(Worked example 5.6), the five figures are:

e minimum 3.25 litres

e lower quartile 3.95 litres

TRV e
Iy §/ 2 98 /3 b Pa
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e median 4.15 litres

e upper quartile 4.5 litres

e maximum 5.5 litres

You can use your GDC to draw box and whisker diagrams. See section
‘5.3 Drawing a box and whisker diagram’ on page 665 of the GDC
chapter if you need a reminder of how to do this.

The box and whisker diagram for the lung capacity data looks like this:

TExas ) (EJPp_casio )
Fll1.Lz m | .St,atEr*aPhl

mMaxH=E.5

mini=3. 25

If you are drawing the box and whisker diagram on paper (from scratch
or by copying it from your calculator), remember to put in a heading
and, more importantly, a scale.

Note that:
e half, or 50%, of the data lies between Q, and Q,
e aquarter, or 25%, of the data lies between the smallest value and Q,

o three quarters (75%) of the data lies between the smallest value and
Q; (note that this also means that a quarter of the data lies between
Q, and the largest value).

Exercise 5.9

1. For each of the following sets of data, draw a box and whisker

diagram by hand.

(a) Minimum mark (%): 35
Lower quartile: 48
Median: 56.5
Upper quartile: 67
Maximum mark: 82

(b) Minimum distance (m): 10
Lower quartile: 22
Median: 48
Upper quartile: 65

Maximum distance: 86
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(c) Minimum time (s): 12.0
Lower quartile: 17.0
Median: 18.8
Upper quartile: 21.3
Maximum time: 25.2

(d) Minimum height (m): 61.2
Lower quartile: 68.2
Median: 71.8
Upper quartile: 73.5
Maximum height: 81.4

2. Use your GDC to draw box and whisker diagrams for the following
sets of data. State the five-figure summary in each case.

(a) 59,35, 64, 43, 83,46, 51,71, 54, 61, 89, 77,47, 71, 74, 84, 76, 54,
51, 86, 61, 65, 63

(b) 49.4, 48.8, 42.6, 49.1, 45.6, 45.3, 50.6, 35.5, 45.6, 48.5, 52.1,
32.9,56.8

(c) 33.72,39.87,48.51, 23.05, 41.93, 36.76, 43.9, 40.74, 28.07, 49.1,
54.73,53.16

(d) 141.13, 84.6, 188.44, 172.45, 175.82, 152.03, 155.83, 166.07,
159.94, 163.01, 150.08, 117.09, 133.81, 152.64, 171.24, 111.98,
142.78,119.22

Using box and whisker diagrams

The box and whisker diagrams below are being used to compare the
marks of two study groups. The upper diagram gives the five-figure
summary for the group studying IB Chemistry HL. The lower diagram
presents the five-figure summary for a group of students studying IB
Physics HL.

Chemistry marks

ol | | | | g
5 10 15 20 25

Physics marks




VAN | OS]

These diagrams show that:

@ e The median mark for Chemistry is higher than that for Physics.

o The distance between Q, and Q, is smaller for Physics than for

: . Chemistry.
The treatment of outliers will not be ¥
part of the examinations. However, o The lowest mark in Physics is lower than the lowest mark in
you may come across outliers when Chemistry. (In fact, the lowest Physics mark is so low that it has

you are doing coursework for other
subjects, or when you are working on
your project for this course.

skewed the diagram; an unusually low or high value in the data is
called an outlier, a piece of data that is so different from the rest that
it can cause a distortion in calculations done with the data.)

e The top marks are the same for each study group.

Worked example 5.6

Q. | As part of her project, Cécile counts the number of words in the
sentences of a newspaper. The box and whisker diagram for her
data is shown below. Use it to write down:

(a) the maximum and minimum number of words in a sentence
(b) the median number of words in the newspaper sentences

(c) the upper quartile (Q;) and the lower quartile (Q,).

ENEEE S NN RN >
5 10 15 20 25 30 35

(a) The maximum number of words in a sentence is 31; the minimum
number is 5.

(b) The median number of words is 20.

(c) The upper quartile is 27 and the lower quartile is 10.

vi%“bm\w‘hw‘“m\' et A Snaea a0 A m ALl D
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Worked example 5.9

Q. | Every day at noon, Fingal records the temperature at his home
near Sligo. The temperatures are expressed in degrees Celsius
(°C) to the nearest degree. These are his results for July 2012.

21 (13|17 11620 |12 | 15|22 |14 |20 22| 14| 16
12113 12|18 |21 |15|15|13 12|21 |22 |16 15
22 (2121|1814

Use the data to:
(a) make a frequency table
(b) draw a box and whisker diagram on your GDC

(c) find the values of the lower quartile, median and upper
quartile using your GDC.

20 [
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(¢) FromGDC: Q;=14,Med=17,Q,=20
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Exercise 5.10

1. The examination results of students in a class are summarised in the
following box and whisker diagram.

40 50 60 70 80 90 100

Using the information from the diagram, find:
(a) the minimum and maximum scores

(b) the median

(c) the lower quartile

(d) the upper quartile.

2. The box and whisker diagram below shows the heights of members
of a sports club.

T T
\ \
\ \

150 160 170 180 190 200

From the diagram, write down:
(a) the median
(b) the highest and lowest values

(c) the lower quartile and the upper quartile.

3. The following list shows the total number of tries scored by each
team in a rugby league.

16 |17 |21 |16 |15 |14 |23 |15 |23 |15 |14 |21 |17

15 |22 |20 |21 |17 |18 |18 |15 [20 |22 |22 |14 |19
14 |14 |18 |22 |23 |19 |18 |20 |19 |21 |21 |17 |23
19 |20 |18 |14 |21 |18 |16 |19 |18 |16 |16

IR AL
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(a) Copy and complete the given frequency table.

Number of tries Tally

Frequency

14

15

16

17

18

19

20

21

22

23

Total

(b) Draw a box and whisker diagram.

(c) Give the values of the lower quartile, median and upper quartile

found with your GDC.

You should know:

e the classification of data as qualitative or quantitative, and the classification of quantitative data as

discrete or continuous

e how to draw up frequency tables and present simple discrete data
e how to deal with grouped discrete or continuous data and draw up frequency tables

e how to define upper and lower class boundaries and mid-interval values

e how to use a GDC to draw frequency histograms

* how to produce cumulative frequency tables and curves for grouped discrete or continuous data
e how to find medians and (upper and lower) quartiles from cumulative frequency curves

e how to draw box and whisker diagrams using your GDC and find five-figure summaries.
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N Mixed exayination practice
Exayrstule questions

1. The following table shows the number of items in customers’ shopping baskets at a check-out.

Number of items

1-3

4-6

7-9

10-12

13-15

16 or more

Number of shoppers

2

10

12

10

8

5

Draw a bar chart to represent the data.

2. The heights of 36 students, to the nearest centimetre, are given in the list below:

172,162, 175, 172, 173, 175, 175, 162, 168, 166, 163, 179,

182, 171, 175, 186, 169, 165, 168, 172, 171, 164, 165, 170,

169, 168, 172, 170, 177, 175, 169, 166, 187, 162, 175, 161

(a) Complete the following frequency table.

Height h (cm)

Tally

Frequency

160 < h <165

165<h <170

170<h <175

175<h <180

180 <h <185

185<h <190

(b) Draw a frequency histogram to represent the data.

3. The following data represents the distances, in metres, recorded in a triple jump competition:

9.50<d < 11.00

11.00<d < 12.50

(b) Create a cumulative frequency table and hence use your table to draw a cumulative frequency curve.

8.7 8.57 7.53 7.1 7.99 10.89 6.15 023 8.97 11.05
7.56 7.09 10.35 9.38 6.79 11.23 9.93 11.69 9.19 9.08
10.71 Va5 10.46 11.45 10.46 6.38 10.25 8.92 6.25 12.34
(a) Complete the frequency table.
Distance d (metres) Frequency
5.00 < d < 6.50
6.50 < d < 8.00
8.00<d<9.50

(c) Use the appropriate summary data from your answer in part (b) to draw a box and whisker
diagram.

\ |
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4. The cumulative frequency graph shown below represents the time taken to travel to school by a group
of 94 students.

100
90 o
80

~
o

D
o

a
o

IN
©

(o]
o

Cumulative frequency

N
(=)

—
(=)}

Q

5 10 15 20 25 30 35 40 45 50
Time (minutes)

From the graph, answer the following questions.
(a) Write down the median time.
(b) Write down the lower quartile and the upper quartile for the times taken to travel to school.

(c) Estimate the number of students who take longer than 38 minutes to travel to school.

(d) Given that the minimum and maximum times are 5 minutes and 50 minutes, respectively, draw

0740 50 60 70 80 90 100
Marks scored (%)

and label a box and whisker diagram for the data. l
5. The scores of all the students who sat a mock examination are summarised in the cumulative frequency | T
curve below. \ o r
V Ay
100
90 \ Y|
\ ,
80 -
> .
2 70
(]
g 60 ( '
E 50 *
2 f
S 40 - ‘
£ 20
3
20
10 ,
1T 7 }
y .

(a) From the graph, find: | &
(i) the number of students sitting the examination
(ii) the median examination mark i

(iii) the upper and lower quartile marks.

(b) How many students scored between 61% and 75% inclusive?
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' (c) Given that the minimum score was 40% and the maximum was 100%, draw and label a box and
whisker diagram for the data.

4 (d) Any student scoring more than 84% was awarded a Level 7. Estimate the number of students who
were awarded a Level 7.

6. The test results of 25 students in Group Al are displayed in the box and whisker diagram below.
EEENRmEEE R
| 7‘
. )
4 HEH
0 ! =
\ | 1 2 3 4 5 6 7
{ L4 (a) Find the range of the results (that is, the difference between the maximum and minimum marks).
% J } (b) Find the lower quartile and the upper quartile mark.
y 1 (c) What is the median mark?
The test results of students in Group A2 are as follows:
- > 74 1,3,3,4,4,4,4,4,5,5,5,5,5,5,5,5,5,5,6,6,6,6,7,7,7
4 (d) Represent these results in a box and whisker diagram.

(e) Compare the results of the two groups by citing two differences in their performance.

7. The performance of two Year 12 groups in the same test is illustrated on the two box and whisker

diagrams below.
& :
-~

b Fra]
\Y y |

!
[ Year 12H]|

{'!_V_V_FI'V_V_V_
g _7/ =

! / |
0 50 60 70 80 90 100

Y

(a) Complete the following table of summary statistics.

Year 12G Year 12H

Median
Lower quartile

Upper quartile

(b) Use the results from part (a) to compare the performance of the two groups in the test.

r
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“Pastpaper questions

1. A random sample of 200 females measured the length of their hair in cm. The results are displayed in
the cumulative frequency curve below.
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£
(a) Write down the median length of hair in the sample. [1 mark] l
L
(b) Find the interquartile range for the length of hair in the sample. [2 marks] " Y
The interquartile range is the difference between Q, and Q. You will learn more X g
about this in Chapter 7. A

(c) Given that the shortest length was 6 cm and the longest 47 cm, draw and label a box and whisker
plot for the data on the grid provided below.

A

»
o

@ B e .15 20 25 80 &5 L0 45 &0
Length (cm)

[3 marks]

[May 2008, Paper 1, Question 13] (© IB Organization 2008)

2. (a) State which of the following sets of data are discrete.
(i) Speeds of cars travelling along a road.

(ii) Numbers of members in families.
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(iii) Maximum daily temperatures.

(iv) Heights of people in a class measured to the nearest cm.
(v) Daily intake of protein by members of a sporting team.

The boxplot below shows the statistics for a set of data.

R R R T e
data values
(b) For this data set write down the value of
(i) the median
(ii) the upper quartile
(iii) the minimum value present [6 marks]

[May 2007, Paper 1, Question 2(a)(b)] (© IB Organization 2007)

3. A cumulative frequency graph is given below which shows the height of students in a school.
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(a) Write down the median height of the students. [1 mark]
(b) Write down the 25th percentile. [1 mark]
(c) Write down the 75th percentile. [1 mark]

The height of the tallest student is 195 cm and the height of the shortest student is 136 cm.

(d) Draw a box and whisker plot on the grid below to represent the heights of the students in the school.

135 140 145 150 155 160 165 170 175 180 185 190 195 200

Height (cm) [3 marks]

The 25th and 75th percentiles
are the same as the lower and

[May 2009, Paper 1, Question 5] (© IB Organization 2009)

upper quartile. l x
|
)
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¢ (In this chapter you will learn:

J e several ways of measuring
- central tendency (mean,
\ median and mode)
i e how to find the median for
ﬁ simple discrete data
y « how to find the mean and
1 y mode for simple discrete data,
for grouped discrete data and
for continuous data
& how to calculate an estimate
for the mean from grouped
data

& how to recognise the
modal class.

: Can you describe
5 yourself as
‘average’? Do you

know anyone whom you
think is average? Is this
concept helpful to
organisations such as
insurance companies,
public health bodies or
governments?

A ]
\ ¥h

"Add the numbers, divide by how many numbers
you've added and there you have it-the average
amount of minutes you sleep in class each day."

The word ‘average’ is often used to summarise a whole set of data, or
even an entire population, with one single number.

In statistics, the everyday word ‘average’ is one example of a measure of
central tendency.

The three most common ways of describing the average of a population
or sample of data are described below:

e The median is the central (middle) value of a data set whose values
have been arranged in order of size.

e The mean is the sum of all the data values divided by the total
number of data values in the set.

e The mode is the data value that occurs most frequently.
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To see the difference between these three measures, let’s look at how
they are calculated for a given set of data.

Suppose that Rita records the length of time that she spends on every
assignment that her Maths teacher sets over the course of one term.
She would like to know the ‘average’ length of time that she takes to
complete her homework. She measures her times to the nearest
minute.

In one term the times are 43, 51, 53, 52, 75, 95, 36, 43, 37, 67, 87, 58
and 56 minutes.

First, she puts the times in order from least to greatest time; then
she picks out the middle value. This gives her the median. This is
53 minutes.

36, 37, 43, 43, 51, 52, 53, 56, 58, 67, 75, 87, 95

There are 13 data values. The
central value is ‘563’ because there
are the same number of values
above it as there are below it

(six above and six below).

Next, she adds up all the times and divides by the total number of
assignments she was set (13). This gives the mean:

(43+51+53+52+75+95+36+43+37+67+87+58+56)+13
=753+13
= 57.9 minutes.

She also looks for the value that occurs most frequently, this is the mode.
This is 43 minutes, as this time is listed twice and all other times are only
recorded once.

51, 53,52,75,95, 36, 37,67, 87, 58, 56

Rita’s results are:

Mean 57.9 minutes
Median 53 minutes
Mode 43 minutes

You can see that each measure of central tendency gives a slightly
different answer. Which one should Rita use?

Rita’s mean is the highest measure of the three at 57.9 minutes. If you
look at the list of data, you can see that it is influenced by two values, 87
and 95, that are considerably larger than any of the other values.

3
v

"‘,‘n" /&7’.
2 9%/ D Pa

4

~=. Adolph Quetelet,
= (1796-1874) was born
=" in Ghent (in present-day
Belgium). He was a gifted
student and was interested in
poetry, art and languages as
well as mathematics and
astronomy. In 1823 he went to
Paris to study astronomy and
the theory of probability,
returning to Belgium to give his
first lectures on probability in
1824. From this time on, he
worked hard to find a
mathematical way of describing
‘the average man’, but could not
find one measure that was
suitable for all sets of data and
situations. His work was
fundamental to the later
development of statistics, and to
understanding the way in which
statistical results can be used.
you think Rita will

.5 quote when she is

talking to her friends?
Which one do you think she
will tell her Maths teacher?
Is this difference important?

Which figure do
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As Rita’s homework times were
measured, the data was continuous.
However, she rounded the times to
the nearest minute and treated the
data as discrete. This practice is
quite common when data is being
collected and analysed. It is a good
idea to inspect any set of data and
think about whether the figures
have been rounded in this way, and
whether the rounding might have
affected the results.
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‘ There are 11 data values so
| n = 11; substitute this into the
N formula: 11 +1 =12, and
the middle value and the value
. at this position is the median.

12 + 2 = 6, so the sixth value is

4\‘:%

p

There are 10 data values so
i n = 10; substitute this into the
4 ' formula: 10+ 1 =11, and

size of 5.5 are the 5th position
and the 6th position; the two
[ | middle values are 7 and 8.
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In finding the median, the two larger values are balanced by two lower
values when ordering the data.

Rita’s mode is quite a lot lower than either the median or the mean
and, looking at all the data points, does not seem like a very good
representation of the average time.

Rita can use any of the three values, which are all correct, but as they are
all different you can see why she can’t simply just say the ‘average’. She
needs to decide which measure to use in a given situation, and be able to
explain why she has chosen that particular measure.

There are different methods of working with the mean, median and
mode that depend on the type of data being analysed.

@ Finding the median for simple data

The median is the middle value when the data is presented in an ordered
list. So, if the data is presented as a simple list of numbers, then to find
the median:

1. Put the numbers in order of size, usually from smallest to largest.
2. Identify what position the middle value is in as follows:

(a) If the total frequency is an odd number, use the formula %(n +1),
where # is the (odd) number of data values. For example:
1,58,9,9909 10,11, 14, 15

1
n=11,s0 E(11+1)=6

Value at position 6 is 9.
The median is 9.

(b) If there is an even number of data values, then there will be two
middle values and the median is calculated by working out the
mean of these two values. The two middle values are those that
are on either side of the value obtained by using the formula
%(n +1). For example:

2,3,4,6,7,8,9,10, 10, 12

\
ﬁan of the two middle values:

g 11 + 2 =5.5. The positions either

(7+8)+2=7.5.
The median is 7.5.

w - » 7
pic 2 Descriptive statistic

y : <
r A Ny J

You can also use your GDC to find the median of a list of numbers.

See section ‘6.1 (a) Finding the mean, median, quartiles and standard
deviation for a simple list of data (single variable, no frequency),

on page 666 of the GDC chapter if you need a reminder of how. In the list
of statistics provided by your GDC, the median is labelled ‘Med’ or ‘Q,.
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Exercise 6.1

1. The following data shows the number of misprints in different
chapters of a draft copy of a new textbook:

2,3,0,1,57,1,3,0,4,5,5,0,8,1,2,6,6

Find the median number of misprints per chapter of the book.

2. The list below shows the number of revision lessons attended by each
student of a Mathematics class before a mock examination:

2,554,8,9,2,3,6,7,8,3,7,9,4,6,7,3,7,8,9,5,6

Find the median number of revision lessons attended by a student.

3. The prices of ‘super value tyres’ stocked by a garage are shown below:
£33, £29, £35, £40, £45, £46, £47, £47, £53, £54, £64, £66, £50

Find the median price of the tyres stocked in the garage.

Finding the mean for discrete and
continuous data

When you calculate the median, you are not interested in the actual
values of all the data given; you are only interested in the central value(s).

A measure that does consider all the values in the data set is the mean.
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The formula for finding the mean is as follows:

k

Zf,x,
= , where n= 2 f;

The mean x of a set of data x,,x,,...,x, is X =

‘ D
The X (sigma) symbol means
‘add up all the individual pieces’.
This symbol is a useful mathematical
shorthand for formulae that involve
sums. Although you are not expected

to use the symbol yourself, you
need to know how to interpret it

when it appears in formulae in
your Formula booklet.
=4
/A |
Fi
- - . |

x; is the value at the general position i.

fiis the frequency of the value at position i.
k
z fix; tells you that you need to multiply each data value (x;) by its
i=1

frequency (f), and then add all the products together.

z f; represents the sum of all the frequencies, which is the same as the

i=1
total number of data values.

Simple data

Simple data is considered to be a list of just one variable where each
variable only has a frequency of 1. So, for example, 4, 5, 9, 10 is a simple
list of data. To find the mean of a simple list of values, add up all the
values and divide by the total frequency.

For example, take the numbers 9, 10, 7, 4, 2, 10, 6, 12, 3, 8.

There are 10 of them. So the mean is:

1
9+10+7+4+2+10+6+12+3+8)+10= Z—0=7.1

Even if the data is discrete, it is not unusual for the mean to have a

value that is not a whole number, or not the same as any of the values

in the original list. For example, the number of children in every family
is discrete data, but according to United Nations figures, the mean
number of children in a family in 2011 was 2.5. In this context, this value
represents that most families in the United Nations have between 2 and 3
children, not that some people can have half a child!

You can use your GDC to calculate the mean of a simple list of data.
See section ‘6.1 (a) Finding the mean, median, quartiles and standard
deviation for a simple list of data (single variable, no frequency)

on page 666 of the GDC chapter if you need a reminder of how. In the
list of statistical data on your GDC, the mean is labelled as x .

- easio )
L1 Lz Lx 1 ILIS“: | ILISt gfLixt 3)LiFt U
“r— =
------------ I

%0 2 10

y El 1

z y y g
1 rpidchLCITESTIHTRIOEST I
Lt =3




W0 9" Tt Ka WBALYC

TExas ) (EJPp_casio )

1-\ar Stats 1-Variable
=7.1 b =7.1
o =7l
sxd  =p@3
qx =3. 1443ZTAZ
=X =3, 3149493
h =18 1

Discrete data organised in a frequency table

Suppose that the sizes of shoes sold in a ladies’ shoe shop in San
Gimignano are collected in a frequency table. To find the mean size

of shoes sold, you could write out all the values (repeating each one
according to its frequency) and then add them up as we did with the
list of simple data in the previous section. But it is easier and quicker to
use the formula:

k
2 fix;
i=1

X =
n
Worked example ©.1 ;
Q. | A new shoe design is coming to the shop in San 3
Gimignano for the new season. The manager wants p

to make sure he can meet demand but cannot afford
to over-order stock. He has been keeping a record of
how many women buy shoes of each size and he wants
to know which size is the most popular. Calculate the
mean shoe size of the women who shop in his store.

A. _

34 7 34 X7 =235
35 11 35%x11=385
36 15 36%x15=540
37 19 37%x19=703
38 23 26x23=5674
39 25 39%x25=975
40 18 40x16=720
_—
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41x15=533
42 8 42x56=330
43 3 45x35=129
Total 142 5433

== e =383
n 142

The mean shoe size sold is 38.3.

NPV o e ST PV

Using your GDC, you would just need to enter the shoe size as one list
of data and the frequency as a second list of data. Your GDC can then
calculate the mean (and other statistics) for you. See section 6.1 (b)
Finding the mean, median, quartiles and standard deviation for grouped

data (single variable with frequency)’ on page 667 of the GDC chapter for

a reminder of how to do this.
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Grouped discrete data

To calculate the mean of grouped data, you use the same formula as

before:
k
2 fix
i=1

n
But, the mean calculated from a table of grouped data will always be an
estimate of the true mean.

X =

If the data has been grouped, you need a single value that can represent
all the data within a given group. A sensible value to choose as the group
representative would be the one half-way between the class boundaries:
the mid-interval value.

Look again at Ahmed’s table data from Worked example 5.3. Suppose
we want to find an estimate of the mean mark. The first thing we need
to do is identify the mid-interval value for each group. This value will be
substituted into the formula for the mean as the ‘x; value.

Marks Frequency, f; | Mid-interval value, x; x; X f;
0-2 0 1 0x1=0
3-5 0 4 0x4=0
6-8 7 7 7X7=49
9-11 11 10 11x10=110
12-14 14 13 14 x13=182
15-17 10 16 10 x 16 =160
18-20 8 19 8§x19=152
Total 50 653

Using the formula and substituting in known values:

> fx

Xx=—=653+50=13.1
n

Therefore an estimate of the mean mark is 13.1.

You can use your GDC to calculate the mean of grouped data in much
the same way as you would for a simple list of data with frequency:
simply enter the mid-interval in one list and the frequency in another
list. See ‘6.1 (b) Finding the mean, median, quartiles and standard
deviation for grouped data (single variable with frequency)’ on page 667 of
the GDC chapter if you need a reminder.

| { O& 5

@ Recall from Chapter 5

that once data is
grouped it loses some
detail.

@ Return to section 5.5

if you need a reminder
of how to calculate the
mid-interval value of

a group when using
discrete data.

S

In examinations, if a question is
dealing with grouped data, it will
always say ‘Find an estimate of

the mean’. Do not worry about this
wording — the examiner is just
acknowledging that the data has
been grouped, so that not every one
of the original values will be used.




@ Refer back to

section 5.5 if you
need a reminder of
how to calculate the
mid-interval value of
a class when using
grouped continuous
data.
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Grouped continuous data

As with grouped discrete data, the mean of grouped continuous data
will also be an estimate. The calculation is very similar to the method for
grouped discrete data, but you need to take care to use the correct class
boundaries when calculating the mid-interval value.

For example, let’s revisit the data on the mass of footballers from
section 5.4. To find the mean mass, you first need to identify the class
boundaries, then the mid-interval values, and then do the appropriate
calculations for the formula:

X=
n
Mass (kg) | Class boundaries | Mid-interval value, x; | Frequency, f; XX f;
61-65 60.5-65.5 (60.5+65.5) +2 =63 8 63 X 8 =504
66-70 65.5-70.5 68 15 68 x15=1020
71-75 70.5-75.5 73 21 73 x21=1533
76-80 75.5-80.5 78 14 78 x14 =1092
81-85 80.5-85.5 83 83 X 6=498
86-90 85.5-90.5 88 88x2=176
Total 66 4823
k
Zfixi
So x =-=L—— =4823 + 66 = 73.1. The mean mass is 73.1kg.

n
You can use your GDC in the same way as you did for discrete grouped
data.
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Worked example 6.2 N )
@ We learned Q. | Fifty people were asked to say when they think a time period of one ' /
about minute had elapsed. The times they estimated were recorded to the /
histograms nearest second. The results are listed below.
in Chapter 5. ; -
See section Time (s) | 50-52|53-55 | 56-58 | 59-61 | 62-64 | 65-67 | 68-70
‘5.2 Drawing a Frequency 6 8 11 9 8 6 2 o

1

Y

histogram’ on
page 664 of the

GDC chapter (b) Estimate the mean value of the results.

(a) Use the table to draw a histogram on your GDC.

D os
Bt tan A naa A A ity e Alaaa A
1 A

frequencies in another.

for a reminder N y
of how to use (c) Use the histogram and mean value to comment on your results. '
your GDC if you (4 ]
need to. A | (a) J -
i [
Time (s) 50-52|53-55|56-58 |59-61|62-64| 65-67 | 68-70 ‘.‘ I ‘
. {
Enter the mid-interval Frequency 6 8§ | 1 9 8 6 2 f
values in one list and the Mid-interval x;| 571 54 57 60 (5)6) (616) 69 | 1
{
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continued . . .
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The mean is estimated to be 58.9 seconds.

Data is sometimes described as (c) The histogram is skewed towards the left, and the mean is less
skewed to the left or to the right. This than 60 seconds. This indicates that most of the people taking
is not & term that will appear in the part in the experiment underestimated the length of a minute.
examinations, but you may meet it

when reading other books.
g o ’,-.NM‘__,’IM‘“"“‘*'J,‘%MJ

Exercise 6.2

1. The price of a 4th generation iPod Touch 8GB in ten different shops
is shown below.

£164, £166.21, £167.00, £169.99, £167,
£170.00, £172.00, £174.00, £174.99, £179.99

Calculate the mean price for this model of iPod.

2. In 2010, the countries with GDP per capita in the top ten of the
world had the following GDP figures:

$82,600 $69,900 $62,100 $57,000 $54,600
$51,600 $49,600 $48,900 $141,100 $179,000

Calculate the mean per capita GDP of these countries.

3. The sizes in KB of emails in a person’s inbox are listed below.
10, 10, 15, 2, 27, 3, 323, 38, 4, 4, 4, 4, 439, 6, 6, 6, 7, 8, 926
Calculate the mean size of these emails.

4. (a) The following table shows the distribution of ages of 22 horses
from the same race-course.
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(b) The following table shows the carrying mass of the same horses.

Carrying mass (lbs) 110 | 112 | 113 | 114 | 115 | 116
Frequency 1 2 2 1 1 2
Carrying mass (lbs) 118 | 120 | 121 | 122 | 123 | 126
Frequency 3 5 1 1 2 1

Calculate the mean carrying mass of these horses.

5. The table below shows the number of goals scored by top goal-
scorers in the English Premier League for the 2010 football season.

Number of goals | 10 | 11 | 12 | 13 | 15 | 17 | 18 | 20
Frequency 8| 1 |4 |6 |1 1 1|2

(a) Find the total number of goals scored by these players.
(b) Calculate the mean number of goals scored.

The list of top 40 goal-scorers in the same season contains the
following additional information:

Number of goals

Frequency

(c) Calculate the overall mean number of goals scored by the players
from the list of top 40 goal-scorers.

6. The table below shows the price list of cars stocked by a car dealer.

4-Door Sedan 2-Door Coupe Hatchback

1 $9,990 $11,990 $9,985
2 $11,965 $12,490 $10,990
3 $11,965 $14,990 $12,115
4 $11,965 $15,605 $12,115
5 $11,965 $15,605 $12,605
6 $12,295 $16,995 $13,155
7 $12,295 $17,200 $13,300
8 $12,445 $18,275 $13,895
9 $13,200 $18,575

10 $13,200 $18,999

11 $13,359

12 $13,365
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(a) Using the prices from the table, calculate the mean and median
prices for the three types of car.

(b) Which of the two measures do you think is better for comparing
the prices of the types of cars? State your reason.

(c¢) Explain why your answers from part (a) may not be a fair way of
comparing the average prices of the cars. Suggest a fairer method.

7. The bar chart below shows the marks scored by students in a French
spelling test.

10

8

6
Number of students
4

2 —

ol

3 4 5 6 7 8 9 10
Marks scored

(a) How many students took the test?
(b) What was the mean mark scored by the students?

(c) Which mark represents the median score?

8. The consumption of softwood throughout the UK for the period
2000-2009 is shown in the table below. The figures are given in
thousands of green tonnes.

(Source: http://www.forestry.gov.uk/forestry/ HCOU-4UBE]Z)

500 <w <750

750 <w <1000
1000 < w <1250
1250 <w <1500
1500 < w <1750
1750 < w <2000
2000 < w <2250
2250 < w <2500
2500 <w <2750

—
(o))
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(a) What is the estimated total consumption of softwood by the UK
in the given period?

(b) Calculate an estimate of the mean mass of softwood consumed in
the given period.

9. The table below shows the average price per litre of fuel in 194
countries in 2010. Fuel prices refer to the pump prices of the most
widely sold grade of gasoline. Prices have been converted from the
local currency to US dollars.

(Source: http://data.worldbank.org)

Fuel price per litre, p (USD) | Frequency
0.00<p<0.40 12
0.40<p<0.80 16
0.80<p<1.20 70
1.20<p<1.60 52
1.60 < p < 2.00 39
2.00<p<240
240<p<2.80 2

Work out an estimate of the mean price per litre of fuel in 2010
across these countries.

10. The table from Exercise 5.8, question 1, showing the times of Olympic
gold medallists in the men’s 100-metres final from 1896 to 2008 has

been reproduced below.
Time (seconds) Frequency
9.60 <t<10.00 20
10.00 <¢<10.40 30
10.40<t<10.80 12
10.80<t<11.20 14
11.20<t< 11.60 2
11.60 << 12.00 0
12.00<t<12.40 1
12.40<t<12.80 2

Calculate an estimate of the mean winning time.
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@ |dentifying the mode or modal class

The mode is the value that occurs most frequently in a set of data. If the data
is grouped, then the class with the largest frequency is called the modal class.

If you have made a frequency table for the data, the mode or modal class
will correspond to the highest frequency in that table. For example, look

15
10
Governments, Frequency |
aid agencies,
corporations, in T

fact most organisations,
gather data about their
clients or customers to use
in assessing what has
been achieved and in
planning for the future. It is
important that statistics
should always be used
with an understanding of
where and how the data
has been collected, and
how the statistical
measures have been
calculated. It is too easy to
think that figures look
reasonable, when in fact
they have been calculated
to mislead.

at the data on the number of siblings from Worked example 5.2:

Number of siblings Frequency
L~
0 12 The largest
frequency is 21,
! 21 < so the mode is
2 14 1 sibling.
3
4
Total number of children questioned 60

The mode is 1.

If you have drawn a bar chart or histogram to display the data, the
mode or modal class is the data value or data class with the highest bar.

lThe modal classl
IB Project marks is 19-14 marks

0-2 35

9-11 12-14 15—

Marks

17 18-20

@ Comparing the median, mean and mode

At the beginning of this chapter, Rita calculated the mean, median and
mode for the time spent on her Maths assignments, and obtained three

different answers.

This outcome occurs quite often, especially for sets of values that are very
spread out, or where the data is sparse. It is important to be aware of how
and why these ‘averages’ can be so different, and be able to choose the
most appropriate value to summarise a particular data set.

Suppose that Rita asks her classmates to count the number of music
downloads they make in one month. She collects the following data:

19, 23, 15, 16, 17, 13, 21, 12, 18, 20, 12, 14, 10, 22, 12

She finds that:
Mean 16.3
Median 16
Mode 12

t 11 J’fu
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She and her classmates discuss the results. Ari says that they should

not use the mode; it is low in comparison with the other figures and
does not give a good representation of the other data. Niamh is worried
about the median; it seems high in relation to the mode, and she thinks
it does not give any indication that there are a lot of low figures in the
data set. The class as a whole decides that the best measure for this data
set is the mean, because it has used all the figures and taken into account
both high and low numbers. This is the result of their discussion for this
particular data set; a different group of people could come to a different
conclusion and decide to choose the median as the best measure. The
important point is that you think about and are able to explain any
differences in the values of the three measures.

Rita’s data on music downloads was discrete. We now look at an example
where the data is continuous. Similar problems can arise if the three
measures of central tendency give different values.

Suppose that a forestry company wanted to know the average growth of
a group of trees. They measured the heights of those trees in successive
years. The frequency table below gives the heights of the trees in 2012.

Height (m) Frequency
5-9 12
10-14 18
15-19 18
20-24
25-29
Total 59

To help calculate the mean, we add extra columns for the mid-interval
values x; and the products fx;.

Height (m) | Frequency (f) | Mid-interval value (x;) | f,Xxx;
5-9 12 7 84
10-14 18 12 216
15-19 18 17 306
20-24 8 22 176
25-29 3 27 81
Total 59 863

The mean is 863 + 59 = 14.6m.

The mode can be found by looking at the first table: there are actually
two modal classes, 10-14 m and 15-19 m, which have the same
frequency. Data sets with two modes are described as bimodal.

In this case, neither the mean nor the mode is a good measure of central
tendency:

e The mean is influenced too much by the heights of the three tall trees.

o Since there are two modes, this measure is not very useful.

e
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When someone gives you an
average, it is important to know
whether it is the median, mean

or mode. When you calculate an
average, make it clear which measure
you have chosen and why you think it
gives the most representative value.

When presenting
statistics, a
responsible

organisation will make it
clear how the data was
collected, which statistical
measure is being used to
summarise it, and why.
They will also use the
correct terms. For
example, a development
agency might collect many
small donations from
individuals as well as some
large ones from
corporations. Using the
median to represent the
‘average’ donation will
allow them to balance
these small contributions
against the large ones; if / )
they use the mean, it may
make the large donations .
seem too important. - (




Sometimes it is possible to calculate
unknown values within your data set if
you know the mean, median or mode.
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Worked example 6.5

The following set of ordered numbers has
mean and median both equal to 16.5.

12, 15,16, p, 18, g
Find the values of p and q.

16+p
2

16+p=33

p=17

=165

Mean=(12+15+16+17+156+¢q)+6=165
(12+15+16+17+186+9)=165%6
786+q=99

q=21

M&*M\.w—"‘*
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Worked example 6.4

A clinic recorded the blood pressure of its patients as follows:

70-79 | 80-89 | 90-99 |100-109(110-119(120-129
8 11 15 19 22 18
130-139|140-149(150-159(160-169|170-179
17 15 12 9 6

(a) Write down the total number of patients.
(b) Calculate an estimate of the mean blood pressure.
(c) Write down the modal class.

(d) An ‘ideal’ blood pressure is considered to lie between 90
and 120 mmHg. What percentage of patients had an ‘ideal
blood pressure?

|
|
|
|

(@ &+11+15+19+22+16+17+15+12+9+6=152

(b) The boundaries of the first class are ©9.5 and 79.5, so the
mid-interval value is (69.5 + 79.5) + 2 = 74.5. The second
class has boundaries 79.5 and £9.5, with mid-interval
value 84.5, and so on. - 5
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Exercise 6.3

1. For each of the following sets of data, find:

2. The mean of the following twelve numbers is 30.
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continued . ..
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The meanis 122 mmHg (3 s.f.)
(¢) Themodal classis 110-119 mmHg.

(d) 15+19+22=56

56
Percentage = 152 X 100 = 36.8%

MM\MLWAM\,MWMA'

(i) the mean (ii) the median (iii) the mode
and then compare the three averages.

@) 5,7,3,2,1,2,8

(b) 70, 57,57, 61, 64, 70, 69

(c) 29,28,27,38,29, 35,29

(d) 110, 140, 160, 110, 105, 109, 120, 107, 111, 107

(e) 33,44, 37,48, 50,42, 47, 42, 44, 40, 36

30, 27, 28, 33, 27, x, 27, 32, 33, 31, 29, 31

(a) Determine the value of x.
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(b) Find the median.
(c) What is the modal value?

(d) Which of the two measures, the median or the mode,
summarises the data better?

3. The mean of the following twelve numbers is 18.
11, 20, 19, x, 18, 10, 19, 20, 13, 21, 11, 19
(a) Determine the value of x.
(b) Find the median.
(c) Find the mode.
(d) Which of the two measures, the median or mode, summarises
the data better?
4. For each of the following sets of data you are given the mean value.
Determine the value of:
(i) x (ii) the median (iii) the mode.
(a) 2x,13,18,19, 2x, x, 17, 12; mean =13
(b) 12, 16, 2x, 18, 23, 18, 26, 24, x, 2x; mean = 19
(c) 7,11,7,x,9, 14, 16, 11, 2x, 4x; mean =11

5. For a certain class, the number of student absences from school
during the summer term is shown on the table below.

Absences(days) | 0 | 1 (2 |3 |4 |5 |6 |7
Frequency 8163 |3 |21

(a) State the total number of students in the class.

(b) Calculate the total number of absences.

(c) Find the mean number of absences.

(d) State the modal number of absences.

(e) Determine the median number of absences.

(f) Discuss which of the averages is more likely to be used when:
(i) comparing attendance among different groups

(ii) dealing with targeted individual attendance.

6. The scores of the top 26 golfers for rounds 1 and 2 in a major
tournament are given below.

Round 1:

Score 66 |68 |69 |70 |71 |72 |73 |74 |75
Numberofgolfers | 1 | 3| 2| 4| 5| 2| 5| 2| 2
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Round 2:

Score 6869|7071 72|73 |74|75|78
Numberofgolfers | 1| 8| 1| 5| 4| 4| 1| 1| 1

(a) Copy and complete the following table of summary statistics for
the first two rounds of the competition.

Round1 | Round2 | Rounds 1 and 2 combined

Mean
Mode
Median

(b) Compare the performance of the golfers in the two rounds.

(c) Which of the three measures better describes the overall
performance of the golfers?

7. For each of the following sets of grouped data:
(i) Work out an estimate of the mean.

(ii) State the modal group.

(a) The time taken by a group of 15-year-old (b) The circulation of a group of daily
students to complete a homework task: newspapers:

Time (minutes) | Number of students Circulation, , (thousands) | Frequency
27-33 3 0<c<150 50
34-40 6 150 <¢< 300 35
41-47 13 300 <c< 450 7
48-54 10 450 < ¢ <600 4
55-61 8 600 < c <750 1
62-68 7 750 < ¢ <900 0
69-75 3 900 < ¢ <1050 1

You should know:

o that the three measures of central tendency are the mean, median and mode
e how to calculate the mean, median and mode for simple discrete data

* how to calculate an estimate of the mean, and to identify the modal class, for grouped discrete
or continuous data

o that the mean, median and mode for the same set of data might be different but are all ‘correct’;
you need to choose which measure to use and explain why.
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i, \ Mixed exanination practice

: Bxaystule questions

1. The scorecard of the first innings of a county cricket club is shown below.

>
) -
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9 CZ Mean number of ups .......... 28
A | 5 7

(a) What was the total number of runs scored by the team?

' ‘.I (b) Work out the number of runs scored by the fifth batsman.
' (c) Determine the median number of runs.
L 2. The bar chart shows the performance of two groups in their Mathematical Studies mock examination.
o 9
8
> 7

R ‘ Number of students
4
1
A ]

cE|
/ £
ﬁ 1)
L 4
¥ e, 3 4 5 6 7
Level scored
B Group1 M Group 2
. ' ‘1 (a) How many students took the examination in each group?
;&

(b) What was the mean grade for each of the groups?




(c) Compare the performance of the two groups of students.
(d) Find the combined mean for the two groups.

3. The following table shows the distances achieved by medal winners in the women’s long jump in the
Olympic Games from 1948 to 2008. (It is a copy of the data from Exercise 5.8 question 2.)

Distance, d (metres) | Frequency
550<d<5.75 3
5.75<d < 6.00 1
6.00<d<6.25 5
6.25<d<6.50 4
6.50<d <6.75 7
6.75<d<7.00 11
7.00<d<7.25 15
7.25<d<7.50 1

Work out an estimate of the mean distance jumped by these athletes.

4. The table below summarises the populations of 48 African countries in 2005.

Population, p (in millions) | Number of countries
0<p<10 27
10<p <20 1
20<p<30
30<p<40
40<p<50
50 < p <60
60 <p<70
70<p <80

el B i i O S I

(a) What is the estimated total population of the 48 countries?

(b) Calculate an estimate of the mean population of these countries.

One of the countries omitted from the list has a population of 138 million people.
(c) Use your result from part (a) to calculate the overall mean for the 49 countries.

5. Each of the following sets of data has been listed in numerical order. The mean and the median have
been given. Determine the values of x and y in each case.

(a) 37,38, 39,x, 39,43, 45, y (mean is 41, median is 39)
(b) 11, x, 14, 14, y, 19, 19, 20 (mean is 16, median is 16)

(c) 42,42,43,x, y,48,50, 53, 55, 56 (mean is 48, median is 47)
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6. The number of merit awards received by a group of students in one month is shown below.

\ o Number of merits | 0 1 2 3 4 5 6
P,

Frequency 22 (BISEN SR BIORY SO 5

(a) Find the total number of students in the group.
(b) Calculate the total number of merits.

(c) Find the mean number of merits.

(d) State the modal number of merits.
(e) Determine the median number of merits.

(f) Compare the three averages, indicating which of them is a better summary measure of the number

' of merits.

¥ 7. The table below shows the number of sixes scored by 30 cricketers in their professional careers.
b Numberofsixes | 0 | 1 | 2 | 3 | 4 | 5| 6 | 7 | 8 |14

E>s Frequency S| Sl d |5l S A 298 A e Pl 1

/A | (a) Find the mean number of sixes.

(b) State the modal number of sixes.

4 |
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&

(c) Determine the median number of sixes.

~Pastpaper questions

1. The histogram below shows the amount of money spent on food each week by 45 families.
The amounts have been rounded to the nearest 10 dollars.

N L
N -

;

‘ Frequency
=
b

L 4
-
150 160 170 180 190
$
.' (a) Calculate the mean amount spent on food by the 45 families.
|
' |

(b) Find the largest possible amount spent on food by a single family in the modal group.

4




(c) State which of the following amounts could not be the total spent by all families in the modal group:

(i) $2430 (i) $2495 (ifi) $2500 (iv) $2520 (v) $2600
[6 marks]

[May 2006, Paper 1, Question 5] (© IB Organization 2006)

2. The temperatures in °C, at midday in Geneva, were measured for eight days and the results are
recorded below.

7,4,5,4,8, T, 14,4

The mean temperature was found to be 7°C.

(a) Find the value of T. [3 marks]
(b) Write down the mode. [1 mark]
(c) Find the median. [2 marks]

[Nov 2009, Paper 1, Question 1] (© IB Organization 2009)

3. The figure below shows the lengths in centimetres of fish found in the net of a small trawler.

11

Number of
fish 5

2

1

OS2 VBSRC ORA RSSO OO R S ONSRO O O OSSO 2OBER1 SO

Length (cm)
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(a) Find the total number of fish in the net. [2 marks]
(b) Find (i) the modal length interval
(ii) the interval containing the median length

(iii) an estimate of the mean length. [5 marks]

[May 2007, Paper 2, Question 1(a),(b)] (© IB Organization 2007)
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In Chapter 6 we looked at different ways in which an ‘average’ can be
calculated, and discussed how to decide whether the mean, median or
mode gives the best description of a particular set of data. Although the
‘average’ is a useful single number to summarise the data, it is not the
only measure that is important when we are analysing and interpreting
data. For example, if you are told that the mean temperature in Mexico
City in January is 13°C, this could suggest that the temperature stays
around 13°C all January; but it could also suggest that the temperature
ranges between 5°C and 21°C, with a ‘centre’ at around 13°C.

(In this chapter you will learn:

e the different ways of measuring
the dispersion of a set of data
e« how to calculate the range,
interquartile range and
standard deviation.

This chapter looks at various methods of calculating the dispersion of

a set of data; this is an estimate of how ‘spread out’ (i.e. dispersed) the
data is. This will give you an indication of how well the mean, median or
mode represents the data overall.

Jaime and her father enjoy playing golf together. They also enjoy arguing
about who is the better golf player.

Here are their scores over the past eight games:

Jaime 90 92 92 90 87 91 86 85
Father 90 83 95 93 86 88 96 82

You can see that Jaime had the better score three times, her father had
the better score four times, and there was one tied game. Who is the
better golfer?

Let’s look at the statistics:

Mean | Median | Mode Range
(highest score — lowest score)
Father 89 89 None 9% —-82=14
Jaime 89 90 90 and 92 92-85= 7

The average scores reveal very little: the mean scores are the same, and
the median scores are nearly the same. The last column of the table,
‘Range;, gives more useful information: Jaime has a small range of scores,
which means that her game is quite consistent; her father’s range is
much wider — he has good days and bad days, so his performance is
more variable. Does this extra information help you to decide who is the
better golfer?

A measure of central tendency (median, mean or mode) gives you

one piece of information about the data set, but it is also important to
know how spread out the data is. If the spread of data is small, the mean
or median gives a more accurate measure than if the data is widely
dispersed.

b
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@ Range and interquartile range

The simplest way of measuring the spread of a set of data is to subtract
the lowest value from the highest value. This is called the range. The
range can be calculated for any set of data, though it may not always
provide useful information: when one or two data values are unusually
high or low (outliers), the range will give an unrealistically large value for
the spread.

Another number measures the spread about (above and below) the
median and is obtained by subtracting the lower quartile from the upper
quartile. It is called the interquartile range (IQR); it measures the spread
of the central 50% of data values. The interquartile range is often used in
preference to the range because it is not affected by outliers, but it still
doesn’t take into account all of the data. The formula for interquartile
range is given in your Formula booklet as:

IQR=Q3_Q1 )

You know from Chapter 5 that:

e half (50%) of the data lies between Q, and Q;; we now know this is
called the interquartile range

e aquarter (25%) of the data lies between the smallest value and Q,

o three quarters (75%) of the data lies between the smallest value and
Q, (note that this also means that a quarter of the data lies between
Q, and the largest value).

For both the range and the interquartile range:

e A smaller measure of spread tells you that the data values lie close to
the ‘average value’

e A larger measure of spread tells you that the data is more widely
dispersed from the ‘average value’

We now look at how to find the interquartile range for different types of
data sets.

Simple data
For simple data with an even number of values:
e Put the numbers in order.

e Divide the set into two halves.

e Find the median for each half; these will be the quartiles Q, and Q,. @ You learned how to

e Subtract the lower quartile from the upper quartile to get the
interquartile range: IQR=Q; — Q,.

LR UL)
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In Chapter 5 you
learned how to

use a cumulative
frequency curve to
find the values of
the upper and lower
quartiles.

find the median in
Chapter 6.
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For example, take the numbers 12, 8, 9, 14, 15, 10, 16, 18, 19, 13,9, 11.

‘\- \ e Put them in order and divide into two halves, then find the median of
- Find the lower quartile by taking the each half: 8,9,9, 10, 11, 12| 13, 14, 15, 16, 18, 19
median of the lower half; as there
= is an even number of values, this is Lower half: 8,9, 9, 10, 11, 12
obtained by finding the mean of the
Chird and fourth values. Q=(9+10)+2=9.5
g .
Find the upper quartile by taking Upper half: 13, 14,15, 16, 18, 19
the median of the upper half in Q,=(15+16)+2=15.5
the same way as you did with the } '
QOWG" half. The interquartile range is Q, — Q,= 15.5— 9.5 =6.
B For simple data with an odd number of values:
- e Put the numbers in order.

e Find the median of the whole data set; the median separates the data
P set into two halves.

o

J e Look at each half, not including the median of the whole set, and
find the median for the lower half and then for the upper half; the
l medians for the two halves will be the quartiles Q, and Q.

e Subtract the lower quartile from the upper quartile to get the
interquartile range: IQR=Q; — Q,.

For example, take the numbers 9, 10, 7, 4, 2, 10, 6, 12, 3, 8, 5.

| ‘ Put them in order and find the median, then divide the list into two
halves and find the median of each half:

2,3,4,5,6,7,8,9,10, 10, 12

‘ Median is the central value of the
» ordered data, whichis 7. Lower half (7 not included): 2, 3, 4, 5, 6.
oy

\ : Q=4 Find the lower quartile by
\ ! taking the median of the
e lower half; as there is an odd
l number of values, the median
is the central value.
J

Upper half (7 not included): 8, 9, 10, 10, 12.

_ Find the upper quartile by
Q=10 taking the median of the
upper half; the median is the
central value.

/

The interquartile range is Q; — Q=10 -4 =6.
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Grouped data
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For grouped data organised in a grouped frequency table, it is best to use
a cumulative frequency graph to find the quartiles and the interquartile

range. You learned how to do this in Chapter 5.

Here is a quick reminder: let us revisit the data on the mass of footballers
from section 5.4. We use the frequency table to draw a cumulative

Y [ O

)

Remember to plot the upper
boundary of each class against the
cumulative frequency.

frequency curve.
70-4 Mass | Frequency | Cumulative
— (kg) frequency
60 pd 61-65 8 8
S 66-70 15 23
ol EEmEm A 71-75 21 44
z // 76-80 14 58
g ; 81-85 6 64
= : 86-90 2 66
] '
2
< 30 /11
E / :
j}
3 / y
20 / |
I N ) e H
/ :
10 / '
// ¥ :
// H
/ - : S
0 / "
60 65 70 75 80 90 95

Mass (kg)

There are 66 footballers in total, so:

e Lower quartile represents a quarter of the total frequency, so this is a

frequency of i X 66 =16.5 (or you could do 25% X 66).

e Upper quartile represents three quarters of the total frequency, so
this is a frequency of % X 66 =49.5 (or you could do 75% X 66).

Draw horizontal lines from 16.5 and 49.5 on the vertical axis until they
meet the curve; then from each intersection draw a vertical line down to

the horizontal axis and read off the value. This gives:

e Q=765
e Q=68

You can then use the values of Q, and Q, to calculate the interquartile

range:

IQR=Q,— Q,=76.5—68=8.5

= If the points used

to plot a cumulative
frequency graph

are joined with straight
lines rather than with
curves, will your answers
change? Would it matter?
Some statisticians prefer
using straight lines to join
plotted points, to show that
they are making no
assumptions about the
spread of data between
successive points.
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Note that with grouped data, your GDC does not provide a reliable way
to calculate the upper and lower quartiles. It is much better to use a
cumulative frequency graph.

b

Worked example 7.1

The cumulative frequency graph shown below represents the times
taken to travel to school by a group of 94 students.

100

90 -

80 4

~
o

(o)
(@)

N
(@)

Cumulative frequency
(&)
e}
™ N

5]
o

5) 10 15 20 25 30 35 40 45 50
Time (minutes)

From the graph:
(a) Write down the median time.

(b) Calculate the interquartile range for the times taken to travel
to school.

(c) Estimate the number of students who take longer than
38 minutes to travel to school.

(d) Given that the minimum and maximum times are 5 minutes
and 50 minutes respectively, draw a box and whisker diagram
for the data.

 ——

Q
S
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f @ You learned
about box
' and whisker
diagrams in
Chapter 5. ——p
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continued . . .
A. 100

-~

N
(@)

Cumulative frequency
(o))
(@]
™ N

5]
o

N
o

N\

-
o

B 10 15 20 25 30 35 40 45 50
Time (minutes)

(2) 50%x 94 =47

3
é
Median =22 minutes. 3
(b) 25%%x94=235,75%%x94=70.5 {
From the graph, @, =15, Q5 =29 <
s0IQR =29 — 15 =14 minutes. {
- d
MJ’

(c) &7 students takeless than 38 minutes to travel to school,
50 94 — &7 =7 take longer than 36 minutes.
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Exercise 7.1

1. For each of the following sets of data, determine:

(i) the median (ii) the range (iii) the interquartile range.
(a) 6.77, 6.67, 6.72, 6.66, 6.60, 7.06, 7.04, 7.01, 6.96, 6.81, 6.80

(b) 226, 222, 224, 222, 220, 235, 235, 234, 232, 227, 227, 247, 241

(c) 65, 86, 64, 50,77, 96, 72, 66, 72, 65,77, 69, 75, 73

(d) 14.3,22.3,14.1,19.2, 11.7, 30.9, 21.7, 13.6, 17.2, 20.1, 18.6, 25.1
(e) 580, 550, 300, 350, 300, 344, 500, 263, 330, 230, 330, 196, 200, 608
(f) 97.9,96.9,99.4,98.1,97.7,97.1, 95.9, 96.7, 98.5, 96.6, 97.1

2. For each of the following sets of data, calculate:

1349 | 1499 | 1599 | 1849 | 2399 | 2899 | 3349 | 3399 | 5799
15 18 20 22 25 12 8 7 3

(i) the median (ii) the range (iii) the interquartile range.

(a) The number of goals scored over a football season per match:

0|1 |2]34
10119 |5|3

(b) The height of students in a class of 14- and 15-year-olds:

154 | 157 | 165 | 171 | 175 | 176 | 181
5 9 12 | 6 7 8 3

(c) The number of marks scored by a class in a maths test:

60 | 61 |62 | 63 |64 | 65 | 66
31516 (13|72 |1

(d) The number of emails a class of students receive in a day:

0|12 |3 |4|5]|6
1911 (13|84 |2

(e) The mass of passengers’ luggage on a flight from Paris to
New York:

25 |26 |27 |28 |29 |30 |31 |32
31719 11|10 (28|2 |1

(f) The price of 1997 three-door Alfa Romeos in Rome:

(K ] INAL:
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3. For each of the following cumulative frequency curves, estimate:

(i) the median (ii) the lower and upper quartiles (iii) the interquartile range.
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Francis Galton

(1911-1922)

developed the
concept of standard
deviation, and pioneered
its use in statistics. He was
passionately interested in
measuring all aspects of
daily life. The data he
collected on the length of a
man'’s forearm in relation
to his height led him to
formulate the concept of
correlation.

In examinations, questions are set so
that you can always use your GDC to
find standard deviations. As part of
your project, you may wish to explore
the standard deviation using the
method described in Learning links 7A,
but this is outside the syllabus.
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@ Standard deviation

The standard deviation is another measure of spread about the ‘average’
It tells you the spread of the data about the mean value. The standard
deviation measures the ‘average’ distance of all the data points from the
mean. It takes into account all of the data in the set. The smaller the
standard deviation, the closer the data values are to the mean and the
more representative the mean is of the data set.

We will look at how to calculate the standard deviation for various types
of data. There is a formula that can be used to calculate the standard
deviation, but it is quicker to use a statistics program on your GDC.

Simple data

The Formula booklet does not contain a formula for the standard
deviation, and in the examinations you are expected to use your GDC.
However, to understand what the standard deviation means, you might
find it helpful to calculate a few without using a statistical program on
your calculator. See Learning links 7A if you would like to see how to
calculate the standard deviation using more traditional methods.
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7A Calculating the standard deviation step by step

The standard deviation is based on finding the distance between each data
value and the mean, and then averaging those distances.

To do this:

1. Calculate the mean value of the data.

2. Find the distance of each data value from the mean.
3. Square these distances.

4. Calculate the mean of all the squared distances; that is, add them up and
divide by the total number of values. The result is called the variance.

- 5. Take the square root of your result in the previous step. This is the standard
deviation.

The steps are easier to follow if you put the calculations in a table. For example,
- taking the six values 1, 2, 4, 11, 12 and 15, we first find their mean:

X = ({2 AT R T R B = 6 =15

Then we calculate the distances of each value from the mean, and their squares,
in a table:

b [ = [ &3 [
1 1-75=-65 42.25
2 2-75=-55 30.25
4 4-75=-35 12.25
okl 11-75=385 12.25
12 12-75=45 20.25
15 16+—7=6-=7#5 56.25
Total 173.5

The variance is 173.5 + 6 =28.916...
So the standard deviation is +/28.916... =5.38 (3 s.f.)

If you have a large data set, this would be a long calculation. You can save time
-~ by using a spreadsheet or other software package.

.
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Worked example 7.2

Yl A

Your GDC actually gives two standard
deviation values: s, and o,. In this
course we will only be using the value
o,, SO be careful that you read off the
correct result from your GDC.

Topic 2 Descriptive statistics

\w/

The following diagrams show two sets of data.

x x x x x x

o 1 2 38 4 5 6 7 8 9 10 11 12 13 14 15

x x x x x x

o 1 2 3 4 65 6 7 8 9 10 11 12 13 14 15

For both data sets the mean is 7.5. Calculate the standard deviation
for both data sets and determine which mean is a more accurate
representation of the data set.

TExas ) (EJPp__casio )

-Wariable

V= | o Lol
HEEH

n
nmnmmmnne=

TExas ) (EJPp__casio )

1-War Stats 1-Uariable
w=7.5 i =T.3
nr =45
axrd =311
ax =5, 3Tr42193
=x =3, 89E85TASS
n =& A

The standard deviation of the second set of datais

0,=5.28 (3 sf)

The standard deviation of the first set of data is much lower than
the standard deviation of the second set of data. This suggests
that the data values in the first set are more closely distributed
around the mean; this can also be seen in the diagrams. The mean
of 7.5 is a more accurate representation of the average value in
the first set of data than it is in the second. Since 5.36 is more
than three times as big as 1.71, the spread of data about the mean
is more than three times greater in the second set than in the
first set.
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Discrete data organised in a frequency table

For ungrouped data in a table, you can calculate the standard deviation

with your GDC by entering the data values in List 1 and the frequencies

in List 2. See ‘6.1 (b) Finding the mean, median, quartiles and standard

deviation for grouped data... on page 667 of the GDC chapter if you

need a reminder of how.

For example, recall Dee’s table of the number of siblings of her brother’s
schoolmates from Worked example 5.2.

The standard
deviation is used in
many statistical

Number of siblings Frequency
0 12 applications. It plays a key
1 21 role in understanding the
normal distribution (see
2 14 Chapter 11), a distribution
3 that is widely used in fields
4 as diverse as finance,
, X psychology, quality control
Total number of children questioned 60 and population studies.
= CASIO )
Li Lz Lx IL:St it 2 List 3| List u
ZUE
E %E ------ 3 ] ]
y El g
c iy 5 u u
E a 5
------ Hew (P (T 0 TP P [ &
Lzigy =
1-Var Stats 1-lariable
==1,533333333 B, ClyPeessssd ¢
EM=92 Tx2 =227 W,
EwE=227 dx  =1.16141675 ——
Sw=1.1r1217918 | |s¢ clgiviziesl )
ax=1.1614167539 \
LA=E &
[
{
From GDC, o,=1.16.
Grouped discrete or continuous data '
For grouped data in a frequency table, enter the mid-interval values , " 4
of the data classes in List 1 and the frequencies in List 2. Again, see &

section 6.1 (b) on page 667 of the GDC chapter if you need to.

For example, let’s revisit the table showing heights of trees from section 6.4.

Height (m) | Mid-interval value | Frequency
5-9 7 12
10-14 12 18
15-19 17 18
20-24 22 8
25-29 27 3
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CASIO

)

L1 Lz Lz z List | |List 3|List 3fList u
SUE
LB | —
7 |18 I T
E% Hh W e g .
""" [twer 2Rk CIEP
Leig) =
1-Var Stats 1-Variable
m=14, 82711064 z  cld.ezviise
Zx=863 ez =14441
zxe=14441 dx  =5.200685TZ
: Sx=2.298331972 sx =3, 3FEIFLIT
To estimate the mean or standard gx=5. 558585727 h =33 A
deviation for a grouped data set, =59
remember to always use the

mid-interval value.
From GDC, 0,=5.55 (3 s.f.).
Exercise 7.2

1. The table below shows data from Meteogroup UK for 19 July 2011
across 11 towns and cities.

Town/city Sunshine | Rainfall Temperature (°C)
(hours) | (inches) | Minimum | Maximum
Edinburgh 1.0 0.12 11 19
Glasgow 3.6 0.01 13 19
Hull 2.8 0.51 13 20
Ipswich 6.9 0.03 11 21
Leeds 6.0 0.00 12 21
Lincoln 1.9 0.24 11 20
London 1.6 0.55 11 19
Manchester 0.4 0.24 12 16
Southampton 3.3 0.28 11 23
St Andrews 3.5 0.63 11 20
Stornoway 0.0 0.02 11 13

Source: Meteogroup UK.

Y r Calculate the mean and standard deviation across all 11 locations for:
(a) hours of sunshine

' ‘ (b) amount of rainfall in inches
)Y |
a4

(c) minimum temperature

L . (d) maximum temperature.
e
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2. A five-day temperature forecast across nine cities is shown in the
table below.

POV A SN Y | O&Y ﬂ

Temperature (°C) | 14 |15 |16 |17 |18 |19 |20 |21

22

Frequency 2 |1 |5 |7 |13 |10 | 4 |2

Using the information from the table above, calculate:
(a) the mean temperature for the five-day period

(b) the corresponding standard deviation for the data.

3. The price and number of bookings for various cruises in a
three-month period are represented in the table below.

Price (£) | Number of bookings

1700 12
1850 18
2150 24
2530 26
2880 35
3100 15
3500 12
4300

5600

(a) Calculate the mean cost of a cruise.

(b) Calculate the standard deviation of the cost of these cruises.

4. The maximum spectator numbers for two different football leagues

are shown below. Calculate the mean and standard deviation of
attendances across the stadia for each league.

(a) | Attendance n (thousands) | Number of stadia

10<n<26 8
26<n<42 12
42<n<58 15
58<n<74 9
74<n<90

(b) | Attendance n (thousands) | Number of stadia

10<n<26 11
26<n<42 17
42<n<58 5
58<n<74 2
74<n<90 4
90<n<106 1

4
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5. The performance of a group of students in a History project is
illustrated in the table below. Calculate the mean and standard
deviation of the students’ scores.

Score (out of 70) | Number of students

21-25 3

26-30 7

- 31-35 15

- ] 36-40 20

- 41-45 7

& 4 46-50 4

\ ’ 51-55 4

' 56-60 1

’ 61-65 4
)|

; @ Using the interquartile range and standard
‘ deviation to make comparisons
= 4

’ | Once you have collected data and calculated the mean, median,
interquartile range and/or the standard deviation, what do you do with

this information? Statistical values such as these are useful for making

- & general statements about your data, which in turn could be used to draw

, . conclusions or predict future data.

‘ Two IB students, Abi and Ben, are analysing the statistical information
that they have gathered on a Biology field trip. They are studying

shellfish and want to find out if limpets are larger when they are closer
to the sea. They measure the diameter of groups of limpets at different

‘ points on a beach. Before they compare the different groups, they want
some reassurance that the samples they’ve collected for each area are
representative of the limpets in that area. For one group of 80 limpets,
they collected the following results.

Diameter d (cm) | Frequency
0<d<1 7
1<d<2 12
2<d<3 15
3<d<4 19
4<d<5 17
5<d<6 10

Total 80
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Abi drew a cumulative frequency curve and calculated the median and
interquartile range of the data:

e Median =3.3cm

e Interquartile range =2.3cm

Ben calculated the mean and standard deviation:

e Mean=3.21cm

e Standard deviation = 1.48 cm

Ben and Abi looked at the frequency table to find the modal class:
e Modalclassis3<d<4

From this information we can see that the mean and median are

close together, and both of these values lie within the modal class.

This suggests that the limpets within the sample are all similar sized
(suggesting they fairly represent the size of limpets in that area); but be
careful - these values on their own are not proof that their sample is
good. They need further support.

By drawing a histogram, Abi and Ben could see that the data is not
symmetrical but is very slightly leaning towards higher values. But we
can also see that it is not distorted completely to one direction either (as
it would be if most of the data were concentrated at one end of the range
of values), nor is it distorted by the data being very spread out.

20

15

Frequency 10—

1 2 3 4 5 6
Diameter (cm)

The box and whisker diagram also seems to suggest that the data leans
slightly towards the higher values:

EEEEEEEEE N
I I

Y [ OS

In their research,
scientists often
> compare

populations from around
the world to understand
more about the topic they
are studying. Linking up
with another IB college to
share data would enable
students to take advantage
of working this way too.

D

When you use your GDC to draw a
histogram or box and whisker plot,
the scale will not be shown on the
axes, so you will need to define this in
what you write down.
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The interquartile range tells us that the central 50% of data (the ‘box’ in
the box and whisker diagram) spans about 2.3 cm.

ZEA

The standard deviation is small, which means that the data is quite
closely clustered around the mean.

From the above combined analyses of this data set, you could say that it is
highly likely that Abi and Ben have collected a good sample on their field
trip. The sizes are not biased in one direction and the data is close to the
measure of central tendency, which suggests the mean or median shell
size taken from this sample is a good representation of the shell size of all
limpets in this area.

ha s, e &

Worked example 7.2

An ornithologist weighed 12 adult male sparrows (Passer domesticus) in
spring and again in autumn. The masses were recorded in grams.

36.6 | 33.7|25.2|31.4|28.027.8|38.0(26.4|26.3|34.1|30.6/|26.0

35.3|38.7|34.5|29.8|31.9|33.632.629.632.2|30.7 | 33.5| 38.9

(a) Calculate the mean and standard deviation of the masses in spring
and the masses in autumn.

(b) Comment on your results.
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continued.. . .

TEXAS
1-Yar Stats
®=33.944 166657
cx=d@] .3
Ext=]13022.30
Sx=3. 048235953
ox=2. 318453732
#h=12

X=3349,0,=2.92¢

(b) Inautumn the mean mass of the birds is greater than it is in
spring. In spring the standard deviation is larger, suggesting that
the datais more spread out. So the autumn masses are both
heavier and more consistent.

P O O SREIP Or S NPy S
SN
W é

) I

This data supports the hypothesis that in autumn birds are
heavier because they have gained mass over the summer when food
is abundant. In spring, birds have just gone through a period of
limited food sources during the winter and so are less able to gain
mass. However, some birds may have retained more mass through
the winter because of access to bird feeders or habitats with
plenty of grain and seeds, which could account for the greater
spread of masses in the spring.
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Exercise 7.3

1. The following data shows the number of goals scored by each of the
ten teams in the ANZ Netball Championship during the 2010 and
2011 seasons.

621 | 646 | 599 | 533 | 662 | 664 | 684 | 677 | 647 | 758
571 | 594 | 679 | 651 | 696 | 717 | 644 | 682 | 681 | 704

(a) Calculate:

o

>

W

(i) the mean number of goals scored per team in each season

(ii) the standard deviation of the number of goals scored per
team in each season.

(b) Use your answers from part (a) to compare the goal-scoring
performance of the teams in the two seasons.
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2. Mrs Chan has two IB Mathematical Studies groups. The marks
scored by her students in the last class test are shown below

Group MS-A | 25 | 68 | 93 | 30 | 42 | 22 | 33 | 35 |35 |67 | 77 | 50 | 97 | 98 | 95
GroupMS-B | 53 | 70 | 52 | 27 | 57 | 52 | 77 | 48 | 87 | 50 | 40 | 62 | 58 | 78 | 50

(a) Calculate:

(i) the median mark for each group

N
2 '
E 1
’ ! . (ii) the quartiles and hence the interquartile range of the test
-
y.

marks for each group.

(b) Use your answers from above to compare the performance of the
two groups in the test.

3. The following are the waiting times in minutes for blood tests at two
separate laboratories.

Lab A 52 | 43 | 44 | 42 | 51 | 51 | 57 | 47 | 52 | 50 | 41 | 44 | 42 | 47 | 52 | 54 | 45 | 49
a
. 50 | 42 | 43 | 40 | 46 | 49 | 54 | 44 | 51 | 51 | 43 | 47 | 46 | 59 | 58 | 58 | 50 | 51
b LabB 52 | 39 | 40 | 40 | 59 | 55 | 56 | 44 | 49 | 50 | 37 | 38 | 40 | 55 | 58 | 57 | 45 | 49
a
Yy 51 |39 | 38 |39 |52 |55 |57 |44 | 53 |53 |42 | 40 | 43 | 51 | 55 | 62 | 47 | 51
"A l (a) Create a grouped frequency table for each set of data.

(Hint: you can use the groups 37-39, 40-42, 43-45, etc.)

(b) Construct separate cumulative frequency tables for the two sets
of data.

(d) From your curves, estimate the median and the interquartile
range of the waiting times at each laboratory.

(e) Use your results from part (d) to compare the waiting times for
blood tests in the two laboratories.

L (c) Draw cumulative frequency curves for the two sets of data.

& \J 4. The following table shows ten countries ranked by population in 2011.
e ‘ Rank Country Population (millions)
1 China 1337
A :
. 2 India 1189
' . 3 | United States 311
ﬁ 4 Indonesia 246
4 5 | Brazil 203
1 6 | Pakistan
7 Nigeria 166
' 8 | Bangladesh 159
) ‘1 9 | Russia 139
e 10 | Japan 127
Mean 406
\
I v I.p i
B Pa k D& L. A
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(a) Given that the mean population of the ten countries was
406 million, find an estimate of the population of Pakistan

in 2011.

(b) Determine the median population of the ten countries.

(c) Calculate the standard deviation of the populations.

5. The world mid-year population for 2011 of people under 90 years old

by age and sex is summarised in the table below.

Age Male (millions) Female (millions)
0-14 949 885

15-29 901 859

30-44 745 725

45-59 539 549

60-74 275 303

75-89 83 119

(a) Work out estimates for the mean and standard deviation of the

male population and of the female population.

(b) Calculate the combined mean and standard deviation.

(c) Use your answers from parts (a) and (b) to fill in the following table:

Males

Females

Combined

Mean

Standard deviation

(d) Comment on the differences and similarities between the male

and female population distributions.

You should know:

o that the dispersion of a data set estimates how spread out the data set is, and therefore indicates how
good a representation of the data the measure of central tendency is

o that there are three ways of measuring dispersion: range, interquartile range and standard deviation
o how to calculate the range, interquartile range and standard deviation

e how to make sensible comments about your data based on these values and the additional support l
of histograms, cumulative frequency curves and/or box and whisker diagrams.
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BExanrstule questions

1.

The mean of the 12 numbers listed below is 7.

5, %, 10, 6,9, 10,9, 3,8,9, 1, 8

(a) Write a simplified equation connecting x and .

(b) Given that the mode of the numbers is 8 and x < y, find the values of x and y.
(c) Hence find the median of the numbers.

(d) Determine the lower and upper quartiles.

(e) Find the interquartile range.

The table below shows the tuition fees for 65 schools in the USA.
Fees F (US dollars) Number of schools
5,000 < F < 10,000 2
10,000 < F < 15,000 4
15,000 < F < 20,000 8
20,000 < F < 25,000 8
25,000 £ F < 30,000 25
30,000 < F < 35,000 18

(a) In which interval does the median lie?
(b) What is the modal group?
(c) Work out an estimate of the mean value of the tuition fees.
(d) Construct a cumulative frequency graph for the data.
(e) Use your graph to estimate the following values:
(i) the median (ii) the interquartile range.

(f) Given that the minimum and maximum tuition fees are $5000 and $35,000 respectively, draw a
box and whisker diagram to represent the given data.

. The following table shows the time spent in the staff room by teachers during one lunch break.

Time (minutes) | Frequency | Cumulative frequency
0-4 1 1
5-9 4 5
10-14 7 12
15-19 6 18
20-24 4 x

pPW Topic 2 Descriptive statistics
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Time (minutes) | Frequency | Cumulative frequency
25-29 10 32
30-34 y 34
35-39 9 43
40-44 48

Determine the values of x and y.

4. The following table shows the number of text messages received by a group of students in a 24-hour

period.
Number of text messages | Frequency | Cumulative frequency |
3 1 1
4 3 4 ‘1
5 c 8 W
|

p 14 i f |
i 23 L ‘
8 10 33 [ ‘
9 d e / )

10 6 47 1

11 f

50 ‘ }

(a) How many students were there in the group?

\
(b) Work out the values of ¢, d, e and f. X
5. Data on the US field production of crude oil (in millions of barrels) between 1920 and 2010 is
displayed in the diagram below. —
(Source: U.S. Energy Information (2012); http://www.eia.gov/) g '
US field production of crude oil -
35 w 4
3.0
25 ' o
2.0 y,

Millions of barrels

1.0

2 1920 1930 1940 1950 1960 1970 1980 1990 2000 2010

Year ‘

(a) Find an estimate of the total volume of crude oil produced in the given years.

(b) Work out the mean volume of crude oil produced per year.
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. An Under-16s Youth Football League has 12 teams in Division One and 13 teams in Division Two.
At the end of the 2010 season, the mean number of points earned by the teams was 32.5 for
Division One and 36 for Division Two.

After a disciplinary hearing, six of the Division One matches were cancelled at the end of the season.
As a result, all 18 points earned by the teams in these matches (3 for each match) were withdrawn.

(a) Work out the reduced mean number of points for teams in Division One after the disciplinary
hearing.

(b) What is the combined mean number of points for both divisions after the disciplinary hearing?

. The graph below is the cumulative frequency graph of the populations of 50 countries with between
8 million and 56 million people.

504 —

40 e

W
)

Cumulative frequency
&

N
(@)

D
RG\\‘ X /

Y

5) 10 IS 20 25 30 35 40 45 50 55 55
Population (millions)

(i) the median population

w (a) Use the graph to estimate:
£

(ii) the number of countries with a population less than 43 million

(iii) the percentage of countries with a population greater than 36 million.

L4

(b) Draw a box and whisker diagram to represent the population distribution of these countries.
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8. 90 students were asked how long it took them to get ready for school in the morning. Their responses
are summarised in the table below. f

Time ¢ (minutes) | 10<¢<15 | 15<¢<20 | 20<¢<25|25<t<30 | 30<t<35|35<t<40

Frequency 6 14 16 34 18 2 ,
(a) In which interval does the median lie? /
A
(b) What is the modal group? P
(c) Calculate estimates for the mean and standard deviation of the times. " )
(d) Draw a frequency histogram to represent the data.
(e) Use your answers from above to comment on the data. 5 ‘./
9. The table below summarises the weights of 22 male and 22 female foxes. i L
Frequenc
Weight w (Ibs) l i '
Male | Female
0<w<15 6 ' ’
15<w < 30 % 6 / ‘
30<w< 45 1 1 )
45 <w< 60 1 4
60 <w< 75 5 3 j .
75<w< 90 2 1 .

(a) Draw two separate frequency histograms to represent the information.
(b) Write down the modal groups for the weights of the foxes.
(c) Calculate estimates of the mean and standard deviation of the weights.

The box and whisker diagrams for the data are shown below. -5

I“*Maleweigmsll|II|||l
1 |

I \
[Female weights| /
| | |
| 1 |
0 0 o o o O
| | | |

0 10 20 30 40 50 60 70 80 90 i
Weight (Ibs) - '

Y
—
[

(d) Use the information from the diagrams to comment on the differences/similarities between the
weights of the male and female foxes.
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10. The following histogram shows the distances travelled by salesmen of an advertising company during a
randomly chosen week.

\

|\
5 i 204
.,

" 15— i
> BREAR ;
5 g 10
g
w = z
| 5 ]
' LB 3
' i 70 90 110 130 150 170 190 210 230
v Distance travelled (km)
b ’ (a) Determine the total number of journeys made by the salesmen during the week.
e g (b) Write down the interval containing:
|
4 A | (i) the modal distance

7 (ii) the median distance

' (c) Work out estimates of:
L (i) the mean distance travelled
| | (ii) the standard deviation of the distances

(d) Use your answers from above to comment on the journeys made by the salesmen.
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11. The cumulative frequency diagram below shows the lengths of the arm spans of members of a sports club.

1004
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Arm span (cm)
(a) From the graph, find:
(i) the median length (ii) the interquartile range of the lengths.
(b) Draw a box and whisker diagram to represent the data.

The graph was drawn from the following table:

Length L (cm) | Frequency
90<L <105 6

105 <L <120 u

120<L <135 13

135<L <150 v

150 <L <165 24

165 <L <180 w

180<L <195 4

(c) Using information from the graph, find the values of 4, v and w.

(d) Calculate an estimate of the mean length of the arm spans.

v
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1899: the United States patents office predicts that, ‘Everything that can be invented, has been invented’
(A misquote attributed to Charles Holland Duell, Commissioner of the US Patent Office, 1899.)

1943: the Chairman of IBM predicts that there will, ‘only be a world market for maybe five computers’
(Commonly attributed to Thomas J. Watson, Chairman of International Business Machines (IBM),
1943.)

1992: spare capacity on cell phones is used to send messages in text. It is predicted to be useful as a portable
paging system for people who use their cars as an office, but for no-one else.

These examples suggest that we are not very good at predicting the future, and yet forecasting and prediction is
now a central part of everyone’s lives.

Who uses probability?

e Every time that you use something new, take a prescribed tablet, or decide what you are going to do
tomorrow, your decision may have been made based on probabilities.

L

Will your hockey match take place tomorrow? It depends on the weather forecast.

e What style of T-shirts will be fashionable next year? It depends on the trend forecasters and marketing
teams of big corporations.

‘Perfect accuracy (in forecasting) is not obtainable, say Richard Brealey and Stewart Myers in the journal
Finance. ‘But the need for planning in business is vital’ (Source: Richard Brealey and Stewart Myers, Principles
of Corporate Finance (McGraw Hill, 1988).) Businesses must utilise accurate forecasting methods.

'l ‘-'J)'QAL
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Set theory and
Venn diagrams

Organising sets or groups of objects that share characteristics is a
way of remembering them and of understanding them. To do this,
mathematicians use set theory to describe different groups and Venn
diagrams to illustrate the sets. Venn diagrams are useful for practical
problems and for numerical ones.

qn this chapter you will learn:

& how to use the notation
of set theory including
elements, intersection, union,

Set theory was developed by Georg Cantor (1845-1918) and complement and subsets
revolutionised almost every mathematical field that was being studied ¢ how to construct and interpret
at that time. Although his ideas were initially regarded as controversial Venn diagrams with simple
and contentious, they have since been universally recognised for their applications

& how to solve problems using
Venn diagrams.

importance and their impact on the study of mathematics.

Georg Cantor.

Venn diagrams are
used in many
contexts. Many

people use them
instinctively when they draw
a picture to illustrate a
problem that they have to
solve. For instance, a
director of Human
Resources could use the
picture on the left; do they
have two teams of
specialists in different
areas, but only one person
has expertise in both areas
and can therefore move
between the two teams? Is
there any other combination
of personnel that the
department can use?

Venn diagrams were developed by the English mathematician John
Venn (1834-1923). He taught logic and probability theory at Cambridge
University and developed a method of using intersecting circles to
illustrate and explain his ideas to students. In his later career he wrote

a book called ‘The Logic of Chance’ that was influential in the study

of statistical theory. He was also very skilled at building machines,
including one that bowled cricket balls.
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@ Basic concepts of set theory

How do you organise your study books - by subject, by size, by colour
or by weight? Do you have any books that can be used in more than one
subject? Where do you put those books?

Johan organises his books by subject; he has three on History, three on
Economics and one that is relevant to both Economics and History.

A Venn diagram can be used to illustrate the overlap:

History books
History Economics | U

The book that is relevant to
both History and Economics

Venn diagrams are always enclosed in a rectangle. This rectangle is
called the universal set and defines the numbers or objects that you are
considering. The letter U next to the rectangle indicates that this is a
universal set.

[ Economics books ]

When written out, sets are always contained within curly brackets. Two
or more sets are identical if they contain the same items or elements in

. i-ﬂ any order. For example, {H,, H,, H:} = {H; H,, H,} = {H,, H,, H}.
, ' In the set of Johan’s books:
. the number of books relevant to History, n(H) =4,
. the number of books relevant to Economics, n(E) = 4,
the number of books relevant to History and Economics, n(H and E) =1,
‘ ‘ and the number of books relevant to History or Economics or both,

n(HorE)=7.
& The Venn diagram will now look like this:
¢ ( History Economics| Y

n(Hand E)=n(HN E)=1 | The symbol for ‘and’ is N and is called
the intersection.

' The last two statements can be written as:

n(HorE)=(HUE)= The symbol for ‘or’ is U and is called
&l 3+43+1=7 the union.

SR A YINRAL




POV A S SN ) | OS

Johan also has two Mathematics books but there is no overlap between
these and his History books so the Venn diagram for Johan’s books
relevant to History and to Mathematics looks like this:

Mathematics (2 books) History (4 books) v

O O

From the diagram you can see that the sets are separate; there is no
overlap. So:

the number of History books, n(H) =4
and the number of Mathematics books, n(M) = 2,
then the number of History or Mathematics books, n(M U H)=2+4=6.

As there are no books that can be used for both Mathematics and
History, n(H N M) =@.

A set with no members in it is called an empty set and the symbol for an
empty set is .

An empty set is not the same as {0}; this is a set containing the number
zero so it is not empty.

Johan’s friends Magda, Iris, Erik and Piotr all play hockey. Erik and Piotr
play in the same team as Johan. The universal set in this example is ‘all
Johan’s friends.

The Venn diagram looks like this:
= {all Johan’s friends}
= {Johan’s friends who play hockey} = {M, I, E, P}

B = {friends in the same team as Johan} = {E, P}

' Set A '
Iris, Magda
@

Notice that set B is completely enclosed by set A. Set B is called a subset
of set A; all the members of B are also in A.

I\ Set B |

You can use some extra notation:
M e A means that Magda is a member, or element, of set A.

I ¢ B means that Iris is not a member of set B, as she is not in the same
hockey team as Johan.
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In examinations, questions are
unlikely to contain more than two or
three subsets in any universal set.

L

ot e W R,

B c A means that B is a subset of A. Every element of B is enclosed
within set A.

" 4
V/ AY
.

An empty set is also a subset of all other sets.

Summary of notation

{} |curlybrackets | lists the members of a set
U | universal set | defines the field being considered
n(A) number of elements in a set A

€ | element a member of a set

¢ | notan element | not a member of a set

& | empty set a set with no elements or members

M | intersection A N Bis the overlap of set A and set B (A and B)

U | union A U B contains all the elements of A and of B
(but without any repeats) (A or B)

C | subset a set that is equal to or enclosed by another set

@ Exercise 8.1

1. Write the following statements, using set notation:
(a) xis a member of set A
(b) x is not a member of set A
(c) Bisasubsetof C
(d) Cunion D

(e) A intersection B.

2. Write the following statements, using set notation:
(a) the elements of set A are x, y and z
(b) the number of elements in both sets A and B is 3
(c) set B consists of the vowels, a, e, i, 0, u

(d) the number of elements in set A is 5.

@ Venn diagrams with numbers

Venn diagrams are a good way of organising sets of numbers so that you
can see the links between them.

Let U=1{1,2,3,...,9,10} All the integers from 1 to 10.

A=1{2,4,6, 8,10} All the even natural numbers between
1 and 10 inclusive, i.e. including 10.
B={2,3,5,7} All the prime numbers between 1 and 10.

-{-45) 0 Y 4
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Before you fill in the Venn diagram, think about the following:

2 is in both set A and set B, so goes in the overlap of A and B.

U
1 and 9 are in neither set A nor set B, so they go outside the circles. Set A Set B
3,5 and 7 are prime but not even, so they go inside set B but outside set A. 4
6, 4, 8 and 10 are even but not prime numbers, so they go inside set A 8 6
but outside set B. 10
Now the numbers are organised, the diagram shows that: ! °
n(U)=10
n(A)=5
n(B)=4
5¢ set A (Remember ¢ means ‘is not a member’.)

9¢ set AorsetB
2€ setAandset B (Remember € means ‘is a member’)

A’=1{1,3,5,7,9} A’ means the complement of A, which consists
of all the numbers that are not in set A.

You can see that set theory can be expressed in notation, in set language
or by using diagrams.

The table below shows the notation and explains it using diagrams, based
on the example above.

Set notation Set language Meaning Venn diagram Answer
AUB A union B. Everything that is in either {2,3,4,5,6,7,
or both sets. 8, 10}

{2}

overlap of both sets.

A’ The complement of A. Everything that is not in {1,3,5,7,9}

ANB A intersection B. Everything that is in the «.

(AU B) The complement of Everything that is not in set {1,9}

(A U B). A or set B. «.»

ANB The intersection of A and | The overlap between A and {4, 6, 8, 10}
the complement of B. everything that is not in B.

A"UB The union of B with the | Everything that is in B or {1,2,3,5,7,9}
complement of A. not in A. (‘»

(AnBY The complement of A Everything that is not in the {1,3,4,5,6,7,
intersection B. overlap of A and B. (‘» 8,9, 10}

Z‘{»‘ v ;!""
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Worked example 8.1 ‘4*
\@ In Chapter 1, the

definitions of numbers Q. | Let U={-5,-4,-3,-2,-1,0, 1, 2, 3, 4, 5} (all the
are given using set integers from —5 to +5),
language. Natural
numbers were A ={-5, -4, -3, -2, -1} (negative integers from -5 to +5),
defined as N = {0, 1, 2, B=1{-4,-2,0, 2, 4}(even integers from —5 to +5).
3,4,5,..}

. i i (a) Draw the Venn diagram. ¢
Using this notation
you can see that, for (b) Use the diagram to answer the following questions.
this course, natural
numbers include zero (i) Is A Ban empty set?

and all the positive

X (ii) List the elements of A U B.
counting numbers

from one to infinity. (iii) List the elements of A N B’.
If integers are defined (iv) Find n(A), n(A N B) and n((A U B)").
as 7 ={u., -3, -2,

1,0, 1,2, 3,4,..}, (v) Describe the set A N B in words.

then you can see the Al (@

difference between i 8

the definitions very
quickly.

®) () ANB=D

(i) AuB={-5,-4,-3-2,-1,0,2,4}

(i) AN B'={-1,-3,-5}

w
o
\MA'M‘W\,MA‘MA

(V) n(A)=5
nANB)=2

(AU B))=3

(v) AN Bcontains numbers that are both negative
and even.

NJN\“_\‘MM*“"
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Exercise 8.2

1. (a) IfP={1,4, 8,12, 20, 32, 52, 84}, state n(P).
(b) If Q= {square numbers less than 40}, state n(Q).

(¢) If R = (prime numbers between zero and 30}, state n(R).

2. Two sets of real numbers A and B are defined as follows:
A=1{9,10, 11,12, 13, 14, 15}
B=1{5,6,7,8,9,10, 11}

List the elements of sets A U Band A N B.

3. Copy this Venn diagram three times.

(a) On one copy, shade the area that
represents P M Q.

(b) On another copy, shade the area that
represents (P N Q).

(c) On the third copy, shade the area that represents the complement
of (PU Q).

4. The universal set U is the set of integers from 1 to 64 inclusive.
A and B are subsets of U such that:

A is the set of square numbers,
B is the set of cubed numbers.

List the elements of the following sets:

(a) A (b) B (c) AUB (d AnB.

Applications of set theory and
Venn diagrams

Venn diagrams can be useful when solving practical problems.

Worked example 8.2

P

Q. | There are 40 students at an IB school who are studying
either Chemistry, Biology or both. 25 students are studying
Chemistry and 19 students are studying Biology. 4 students
are studying both subjects. How many students study just
Chemistry or just Biology?

pyrry
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If people work in A.

international teams

and have to
communicate quickly,
diagrams can be a quick
way of ensuring that
everyone understands an

Let U={students studying Chemistry and/or Biology}
=40

Chemistry U

idea, even if they are not Biology

CHERLTTEE 7 L s 21 students study just Chemistry. 3
language. Some people ’ '

remember ideas better 15 students study just Biology. )

if they see them as a
picture too.

PRIV W i ST PP J’"‘N"“\_.»-‘J

Worked example 8.2 ?

Q. | Of the same group of 40 students, 12 take History, 18 take
Economics and 5 take both subjects. How many students
do not take History or Economics?

A. | Let U={students studying History and/or Economics}

History Economics| Y y

w4
Py

15

There are 15 students who do not take History or Economics. 3

nﬁm...\‘_*l&“ ”_"M\mh*‘.\'} /‘A%“_J

Worked example 8.4 j
Q. | There are 32 students at a party. 12 students say that they only like chocolate-pecan
ice cream and 10 students say that they only like strawberry-and-cookies ice cream.
8 students do not like either. How many students like both?
A. | Chocolate Strawberry] U There are 32 students, so é
124+x+10+656=32
xX+30=32
x=2
8
k!
¥ i Two students like both chocolate-pecan and strawberry-and-cookies ice cream. 3
T e NIV i WP SRPPIPA J"‘N“‘\_..»-J
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Exercise 8.3

Y [ O™

§‘-

1. The universal set U is defined as:

U = {x € Z: 41 < x < 50} = {all the integers from 41 to 50 inclusive} @

Subsets X and Y of U are defined as: Here is a reminder of what these

symbols mean:
> greater than or equal to;

Y = {multiples of 7}. i quji\tgﬁ; totroe%al to;

X = {multiples of 6}

(a) List the elements of:
i) XnyY (i) XNY.
(b) Find n((X N Y)").

(c) Mlustrate the information from (a) on copies of this Venn diagram.

U
X Y

) I

2. Let Ube the set of all positive integers from 5 to 55 inclusive.

=2

A, Band C are subsets of U such that:
A is the set of prime numbers contained in U,
B is the set of multiples of 11 contained in U,

C contains all the positive integers that are factors of 55.

AT\

(a) List all the members of set A.

>

(b) Write down all the members of:

(i) BUC (ii) AnBNC.

3. The universal set U is defined as all positive integers between 11 and
43 inclusive.

A, Band C are subsets of U such that:
A = {factors of 36}, B = {multiples of 4} and C = {multiples of 6}.
(a) Find n(B).

(b) List the elementsin A N BN C.

(c) List the elementsin A N B'.

NS e
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4. During a school’s Sports Day activities, students participated in Track
and Field events.

U = {Track and Field events}
T = {Track events, mainly running}

F = {Field events, mainly jumping, throwing, etc.}

T F

On three separate copies of the Venn diagram from above, shade the
following regions. Write in words what each region represents.

~

(@ TnF (b) (TN FY

5. In the Venn diagram, sets A and B are subsets of the universal set U.

U is defined as the positive integers between 1 and 12 inclusive.

U
A B

1 12

(a) Find:
(i) n(A) (ii) n(A N B).
(b) List the elements in:

(i) (Au By (i) A’NB.

@ Venn diagrams with three sets

Venn diagrams can be used to solve problems with three sets. The
notation and definitions for three sets are the same as those with two
sets, but the diagrams are more complicated.

-{-45) 0 Y 4
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Most problems with three sets
give you a diagram like this:

But you need to read the
questions carefully, because you
may get one like this:

Or like this:

A

B

In some problems the Venn diagram has already been completed, and

can be used to answer questions.

Worked example 8.5

= Is it possible to
draw meaningful
Venn diagrams
with four or more sets?
The first task is to define
the different sets with

common features that can

intersect. Then you need

to ensure that the diagram
clearly illustrates all
aspects of the initial
problem. How do you fit a
fourth set into the diagram
for three sets, and keep
the meaning clear?

Y [ O™

In this diagram the universal set U={1, 2, 3,4, 5, 6,7, 8,9, 10}

A=1{3,4,6,8,10}
B={7,8,10}
C=1{2,5,6,7,8,9}

Use the diagram to list the elements in the following sets and shade

their position on the Venn diagram:

(a) AnB=1{8,10}

@ [a 5|V
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continued . . .

Topic 3 Logic, sets and probability

|
b YVis

(b) AnBN C=1{8}

(c) AuC=12,3,4,5,6,7,8,9, 10}

(d) A’={1,2,5,7,9}

(e) (AUB)Y={1,2,5,9}

(f) AAnB={7}

(g A'NnB)NnC={7}
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Worked example 8.6

v p,
¢ j 1‘ '
(
To complete the Venn

diagram you should start

in the middle and work
outwards. In this example
the information has been
given in the correct working
order, but many questions
may not do this. So look for
the information that goes in
the centre first!

N

(Start with two people in the
 centre, nSNTND)=2

("Then look at the other
intersections: 5 people play
saxophone and trumpet, so put a
(5 in the overlap of just S and T.

J

(1 person plays saxophone and
drums, so put a 1 in the overlap
of just S and D; similarly for the
3 people who play trumpet and
(drums.

Exercise 8.4

1. Use set notation to represent the shaded region in the following Venn

diagrams:

(a)

U
P

P

There are 50 people in a band. The conductor wants to know
who can play the saxophone, who can play the trumpet and who
can play the drums.

He discovers that:

2 people can play all three instruments,

5 people can play the saxophone and the trumpet,
1 person can play the saxophone and the drums,
3 people can play the trumpet and the drums,

22 people can play the trumpet,

15 people can play the drums,

18 people can play the saxophone.

How many people cannot play any of these instruments?

U

Saxophone Trumpet

N

(15 people play the drums |
but 142+ 3 =6 have
already been included
in the intersections with
saxophone and trumpet,
leaving 9. Do the same to
get 10 in S only and 12 in

\T only.

n J

Drums

There are 42 people in the band who play saxophone, trumpet or
drums.

There are 50 — 42 =8 people who do not play any of these
instruments.

s ™ At 2 o A bt
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2. The universal set Uis defined as U={a, ¢, e, f, g, h, j, k}.

B, T'and S are subsets of U such that:

B={a,cf g}
T={c, e g h}
S={f g h,j}

The information from above is illustrated on the Venn diagram:

A
(NN

~

U

From the Venn diagram, list the elements of each of the following

regions:
(a) BNTNS (b) BN TY
(c) BNT)YNS (d BN (TuUS).

3. 60 teachers were asked which sports programmes they watched on
TV during one evening after school.

18 watched Athletics (A),

27 watched Cricket (C),

20 watched Soccer (S),

3 watched all three sports programmes,
1 watched Cricket and Soccer only,

4 watched Athletics and Soccer only,

5 watched Athletics and Cricket only.

Topic3Loigic,setsandprobability - v 1 . K ,v ‘
: £ 4 -~
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(a) Draw a Venn diagram to illustrate the relationship between the
sports programumes.

(b) On your diagram indicate the number of teachers belonging to
each region.

(c) Determine the number of teachers who did not watch any of the
three sports programmes mentioned above.

4. 72 students were asked which subject they revised over the weekend.
21 revised Mathematics (M) only,
8 revised French (F) only,
11 revised Physics (P) only,
2 revised all three subjects,
3 revised Mathematics and French,
5 revised French and Physics,
7 revised Mathematics and Physics.

(a) Represent the above information on a Venn diagram, indicating
the number of students belonging to each region.

(b) How many students revised neither Mathematics nor French nor
Physics?

A

id n
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You should know:

e the foundations of set theory including what is meant by elements, intersection, union, complement
and subsets

o the different ways of expressing set theory: set notation, set language and Venn diagrams

AUB A union B. Everything that is in
either or both sets.
ANB A intersection B. Everything that is in
the overlap of both (.»
sets.
A The complement Everything that is
of A. not in set A.
(AU B) | The complement of | Everything that is
(AU B). not in set A or set B. (‘»
ANB The intersection The overlap between
of A and the A and everything
complement of B. | that is not in B.
A’UB | The union of B with | Everything that is in
the complement Bornotin A.
of A.
(AN B) | The complement of | Everything that is
A intersection B. not in the overlap of «.»
Aand B.

e about Venn diagrams with simple applications and problems that can be solved by using them.

Topic 3 Loglc sets and probablllty
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Mixed exanination practice
Exaustule questions
1. The following data represents the results from a survey of students in the same tutor group:
U = {students in tutor group}, n(U) = 50
H = {History students}, G = {Geography students}
n(H) =16, n(G) =24, n(HN G) = 2.
(a) Explain in words what the region (H U G)’ represents.
(b) State the value of n(H N G)".

(c) Draw a Venn diagram to represent the data from above, indicating the number of students in each
region of the diagram.

I AT G

2. A survey was carried out on 40 students about when they did their homework over the weekend.
The results are shown below:

) I

F = {homework done on Friday night}

S = {homework done on Saturday/Sunday}

n(F) = 20, n(S) = 29.

=2

(a) State the value of n(F N S).
(b) What does (F U S)” mean? Explain why n(F U S)" =0.

(c) Draw a Venn diagram to represent the data from above, indicating the number of students in each
region of the diagram.

A\ =

3. 100 Mathematics teachers who attended a conference were asked which programme of study they had
taught in the last 18 months. Their responses are illustrated on the Venn diagram below:

U = {Mathematics teachers at conference} U

A = {teachers who have taught on the Advanced
Level programme}

B = {teachers who have taught on the IB
Diploma programme}

(a) Describe the region denoted by x using:

(i) words (ii) set notation.

(b) State the value of x.

(¢) Find: (i) n((AnB)) (i) n((A v B)).

R AT L W
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4. A survey which asked 120 people about what types of books and materials they read most recently in
their local library provided the following results:

71 read fiction books (F),

54 read non-fiction books (N), including textbooks,

“< 44 read reference books (R), including journals and newspapers,
' ! . 20 read both fiction and reference,

8 read reference and non-fiction but not fiction,

1’ 15 read fiction and non-fiction but not reference,
x people read all three types of materials,

' 10 read none of the types of materials mentioned above.

v ¥ =
15 N

b
e
A |
—

' <
L R 10

(a) Show that n(FN RN N’) =20 — x.
o (b) Find, in terms of x, n(N N R’ N F').
‘ (c) Complete the Venn diagram, indicating the number of people corresponding to each region.
R_ \“ (d) Hence, or otherwise, find the value of x.
. 4 y 5. 100 students were asked which resources they used during their revision for their final examination in
¢ ‘/ Mathematics. The three main resources were:
= C = {CDs, videos, etc.}

" k] P = {printed materials, including textbooks, etc.}
ﬁ W = {web/internet resources}

A The number of students representing the corresponding regions are:

n(P) =51 n(Cn W)=13

' n(W) =32 nCNnPNW)=6
.1 | n(C) =63 n[(CuUPY N Wl=6

L' n(P N C)=24 n(CUPU W) =4

~ ,
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Complete the Venn diagram below using the information given above. ‘
, e N
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6. The principals of 180 colleges were asked where they advertised for teachers to fill vacant positions.
Their responses are illustrated on the Venn diagram below, where:

L = {local newspapers}
N = {national newspapers}

W = {web/internet}

L2,
avh

w

(a) Given that n(L U N U W)’ =0, determine the value of x.

(b) From the information in the Venn diagram, write down the number of principals who advertised:
(i) in both local newspapers and on the internet
(i) in local newspapers and/or on the internet

(iii) in both national newspapers and on the internet but not in local newspapers

(iv) in local and/or national newspapers but not on the internet.

ucn;:
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7. The following Venn diagram shows the number of students who study Biology (B), Chemistry (C) and

Physics (P) in a college.

(a) Find:

(i) (BN CN P) (ii) n(Cu P).
Given that n(U) = 100, find:
(b) the value of a

(c) n(B).

. The Mathematics Enrichment Club in a school runs sessions on Mondays (M), Wednesdays (W) and

Fridays (F). A number of students were asked which of the enrichment sessions they had attended
during the previous week.

8 students attended on Monday only,

6 students attended on Monday and Wednesday but not on Friday,
7 students attended on Monday and Friday but not on Wednesday,
3 students attended on Wednesday and Friday but not on Monday,
20 students did not attend any of the sessions.

(a) Ilustrate the above information on a Venn diagram.

Given that:

25 students attended on Monday,

24 students attended on Wednesday,

35 students attended on Friday,

(b) find the number of students who attended all three sessions during the week

(c) find the total number of students in the group

(d) hence complete the Venn diagram from part (a).
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300 tourists were asked which attractions they had seen while in London.

Most of them had seen Buckingham Palace (B), Trafalgar Square (T) and Westminster Abbey (W).
25 people had seen all three attractions,

52 people had seen both Trafalgar Square and Westminster Abbey,

28 people had seen Buckingham Palace and Westminster Abbey but not Trafalgar Square,

88 people had seen exactly two of the three attractions,

211 people had seen Buckingham Palace or Trafalgar Square,

199 people had seen Trafalgar Square or Westminster Abbey,

49 people had seen other attractions, but none of the three places listed above.

U
B AL
w 49 l I z
Use the information from above to complete the Venn diagram, indicating the number of people h':?.

representing each of the regions.

Y

120 customers in a music shop were asked about the genre of music they had just bought from the

shop. The three main genres were Classical (C), Folk (F) and Pop (P). A |
4 customers bought all three genres of music, y ]
60 customers bought Pop or Folk music but not Classical, ‘

59 customers bought Pop music,

30 customers bought at least two of the three genres of music,

7 customers bought Pop and Classical but not Folk music, ‘{
10 customers bought both Classical and Folk music,
25 customers bought none of these three genres of music. !

Mlustrate the information from above on a Venn diagram, indicating the number of customers
for each region.
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\ “Pastpaper questions

1. Ata certain school there are 90 students studying for their IB diploma. They are required to study at
least one of the subjects: Physics, Biology or Chemistry.

50 students are studying Physics,

60 students are studying Biology,

55 students are studying Chemistry,

30 students are studying both Physics and Biology,

10 students are studying both Biology and Chemistry but not Physics,
20 students are studying all three subjects.

Let x represent the number of students who study both Physics and Chemistry but not Biology. Then
25 — x is the number who study Chemistry only.

The figure below shows some of this information and can be used for working.

Physics Chemistry U with n(U) = 90

(XN

Biology

(a) Express the number of students who study Physics only, in terms of x.
(b) Find x.
(c) Determine the number of students studying at least two of the subjects.
[Total 6 marks]

[May 2006, Paper 1, Question 13] (© IB Organization 2006)

2. A school offers three activities, basketball (B), choir (C) and drama (D). Every student must participate
in at least one activity.

16 students play basketball only,

18 students play basketball and sing in the choir but do not do drama,

' ‘ 34 students play basketball and do drama but do not sing in the choir,
5 | 27 students are in the choir and do drama but do not play basketball,

910 YA
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(a) Enter the above information on the Venn diagram below. [2 marks]

B G

D

99 of the students play basketball, 88 sing in the choir and 110 do drama.

(b) Calculate the number of students x participating in all three activities. [1mark]
(c) Calculate the total number of students in the school. [3 marks]
[Total 6 marks]

[Nov 2007, Paper 1, Question 8] (© IB Organization 2007)

RSNV UL
{rl » v 2 98 /73 D Pa




(In this chapter you will learn:

e about the principles of
symbolic logic
e how propositions are defined
and their notation
& about compound statements,
their truth tables and
Venn diagrams
e« how to use truth tables to test
arguments, and the concepts
of logical equivalence,
contradiction and tautology
how converse, inverse and
contrapositive statements are
constructed.

&
L]

William Jevons’ logic piano.

The logic piano was built for William Jevons (1835-1882) and is now
in the Museum of the History of Science in Oxford, England. It was
designed to create truth tables for up to four propositions at a time.
William Jevons’ friend, John Venn, could see no practical use for it as
he could think of no set of propositions that would need a mechanical
device to interpret them. Nevertheless, Jevons used the logic piano in
both his teaching and his personal studies.

But what is logic? What are truth tables? Logic is described as the science
of thinking, of reasoning, and of proof. It should not be confused with
the everyday meaning of ‘logical thinking’ that is commonly used by
people to describe a sensible route of thinking, or ‘common sense’; here
it is a specific mathematical process. It is the careful study of the patterns
of arguments, particularly those that start with a true statement and go
One hundred on to a valid conclusion. Truth tables are diagrams that help to interpret

years ago, and draw conclusions from the logical process.

A.N. Whitehead
and Bertrand Russell wrote The study of logic began centuries ago. In India, Medhatithi Gautama

a book called Principia (c. 6th century BCE) developed logic for religious and philosophical
Mathematica, which arguments. In Greece, the philosopher Aristotle introduced the concept
attempted to express all of syllogisms. In China, the Mohist school encouraged an interest in

mathematics in precise logic and the solving of logical puzzles.
logical terms. This work
led to new branches of
mathematics and to the
development of electronics
and computing. You will encounter logic in other fields. For example, it is part of the
study of law, computing, language and politics.

@Il -4~ g5\ 0 PN L

This chapter is an introduction to Mathematical Logic, a topic in
mathematics that is concerned with the study of formal reasoning and
mathematical proof.
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@ Propositions

Mathematical logic is based on statements, which are also known as
propositions.

A proposition is a statement that is either true (T) or false (F); it cannot
be both true and false at the same time. For any proposition, it is the
clarity of the statement that is important.

For instance, ‘All men are mortal’ and “The flower is blue’ are both clear
statements, and therefore propositions.

A proposition cannot be a question, an instruction or an opinion.

For example:

“The sun is shining’ is a statement and therefore a proposition.

Is the sun shining?’ is a question and therefore not a proposition.
‘How beautiful the sunis’  is an opinion, not a proposition.

“Tell the sun to shine’ is an instruction, not a proposition.

Worked example 9.1

Q. | Look at these statements and decide which ones are
propositions.

Notice that mathematical statements can also be
propositions.

(a) Do all cats have tails? (@) No

(b) 7>4 (b) Yes
(c) Logic is important. (c) No
(d) Kuala Lumpur is the capital of Malaysia.

(d) Yes

(e) Can cows see in colour? (e) No

(f) 48¢ R
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In determining if a statement is a
proposition, it does not matter if i
is a ‘true’ or ‘false’ statement; fo
example:

‘All men are mortal’ is a propositi
that is always true.

‘This flower is blue’ is a propositi
that may be true or may be false.
‘The Earth is flat’ is a proposition
even though it is factually incorre:
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continued . ..

(g) Mammals live on land.

(h) Our sun is a star.

(i) Write a letter.

(j) That was a good song.

NN“M*“"
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(9) Yes

(h) Yes
() No

() No

J/‘*N»-—J

4 Exercise 9.1

1.

Consider the following statements and decide which ones are
propositions. In the case of a proposition, indicate whether it is true
or false.

(a) A dollar is a unit of currency.

(b) Come back home!

(c) All square numbers are odd numbers.
(d) There are 12 months in a year.

(e) China is an Asian country.

(f) Where is Anna?

(g) iPods can store music.

(h) Three little birds.

(i) 2isa prime number.

(j) Is this what you are looking for?

Symbolic notation

Writing out propositions in full takes time and is often not very useful.
It is easier to assign each proposition a letter, and give a single definition
of that letter. The usual letters used are p, g, , s.

For example, the proposition ‘all cats have tails’ can be defined
by writing:

p: All cats have tails.

S A VINAL:
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Similarly,

q: 4.8 is a real number.
r: Our sun is a star.

There are many other symbols in symbolic notation that are used
to show the relationship between multiple propositions; you will be
introduced to these as you progress through the chapter.

Negation

Negation is the opposite of the original proposition, and means ‘not’ The
symbol for ‘not’ is —. (Note that there are other symbols for ‘not™ ~ p,
p’or p;you might recognise ” from set notation.)

So, for the proposition p: It is raining,
the negation is —p: It is not raining.
—(—=p): It is not not raining. This means the same as ‘it is raining’

You can also think of negation in terms of diagrams. The Venn diagram
below shows you that everything that is false is not true. The truth table
gives you another visual picture. Truth tables list each statement in
symbolic notation at the top of a column in the table, and indicate if they
are true (T) or false (F) in each cell of the table.

F
F T F

From the truth table you can see that:

if p is true, —p is not true (so it is false)
and therefore ‘not not p’ is true;

if p is false, —p is true (because it is
the opposite) and therefore ‘not not p’
is false.

@ Compound statements

Propositions can be connected to form compound statements.

Take the following propositions:

e [Itisraining.
e Thave my umbrella.

e Itissunny.

4

Y [ O

@ You learned about

Venn diagrams in
Chapter 8.

@ Truth tables are

covered in more depth
in section 9.4, page 268
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You could say:

It is raining and I have my umbrella.

It is raining or it is sunny.

It is not raining and it is sunny.

It is raining or it is sunny, but not both.

Each of these is a compound statement that uses different words to
connect the two propositions and produces a statement with a different
meaning from the original propositions.

>

Notice that the key words that connect each proposition are: ‘and;, ‘or,
‘not), ‘or ... but not both’

If the original proposition is a compound statement, the resulting
negation (—) is not considered a compound statement. However, the
negation is still an important part of many compound statements.

Conjunction, disjunction and exclusive disjunction

Conjunction, disjunction and exclusive disjunction are the technical
: terms for the words that connect two propositions to make a compound
PP This use of Venn . . :
diaarams in a statement. They look complicated but the ideas they express are simple
9 and you are already familiar with them from set theory. Each term has a

el G symbol called a connective that allows you to write the whole statement.
shows how powerful they

are and how clearly they For the following explanations of each connective, we have used a truth
can illustrate ideas. table and a Venn diagram to demonstrate their meaning. The truth tables
illustrate the different combinations that are possible in each situation.

Conjunction

When two propositions are connected by the word ‘and, the compound
statement is called a conjunction. The logic symbol for and’ is ‘A’

For the propositions  p: It is raining
q: T have my umbrella

the compound statement ‘It is raining and I have my umbrella’
becomes p A g.

p can be either true (T) or false (F).
q can be either true or false.

This means there are four possible combinations that could occur with
the propositions p and g (note that only one can occur at any one time):

e Dboth propositions are true: ~ p is true, and q is true (1)
both propositions are false:  p is false, and g is false (2)

e one proposition is true and
the other false: pistrue, and q is false (3)
pis false, and g is true. (4)
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The four different situations can be illustrated much more easily using
a truth table or a Venn diagram, which allow you to see under what
circumstances p A q is true. If you start with T, T, E, F in the column ‘p;,
then you can complete the rest of the columns accordingly.

pPrg

i
oA e
o >

You can see from the truth table and the Venn diagram that for p A g
to be true, both p and g must be true. If either p or g, or both, are false,
then the whole combined proposition is false.

It might help you to recognise that a conjunction in logic is similar to
an intersection in set theory. If you compare the Venn diagram for a
conjunction with the Venn diagram for the intersection of two sets you
will see that they look the same.

In logic, if A is the statement ‘it is
raining’ and B is the statement ‘I have my
umbrella’ then the shaded region represents

the conjunction statement ‘It is raining
and | have my umbrella’: A N B

In set theory, if A is the set ‘it is
raining’ and B is the set ‘I have my
umbrella’ then the shaded region is the
intersection of A and B, ‘It is raining
and | have my umbrella: A N B

@ You learned about intersection in set theory in
Chapter 8.

In set theory, A N B means ‘the intersection of A and B’ or ‘A and B’
In logic, p A g means ‘p and q.
Disjunction

When two propositions are connected by the word ‘or, the compound
statement is called a disjunction. The logic symbol for ‘or’ is V.

A compound statement with a disjunction is true when either one, or
both, of the propositions are true.

For the propositions  p: It is raining
q: It is sunny

the compound statement ‘It is raining or it is sunny’ becomes p v r.

- v - \ J
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Both the truth table and the Venn diagram below show that for p v g to be
true, either p or g must be true. p v q is only false if both p and q are false.

A

RN E R
= H

Again, it might help you to recognise that a disjunction in logic is similar
to a union in set theory. In set theory, A U B means ‘the union of A and
B’ or ‘A or B In logic, p v g means ‘p or q.

Exclusive disjunction

When two propositions are connected by the phrase ‘or, but not both,
the compound statement is called an exclusive disjunction. The logic
symbol for ‘or, but not both’ is ‘v’

For the propositions  p: It is raining
r: It is sunny

the compound statement ‘It is raining or it is sunny, but not both’
becomes p v r.

The truth table and Venn diagram below show that for p v r to be true,
either p is true or r is true, but p and r should not both be true.

T | T F
T | F T
F | T T
F F F
Summary
Negation —p |notp True when p is false.

Conjunction | pAg |pandg True when both p and g are true.

Disjunction | pvg |porg True when either p or g, or both
p and g, are true.

Exclusive pvq | porg, but | True when either p or q is true,

disjunction not both | but not both.

So far we have explained compound statements where each of the
propositions consists of words. However, compound statements can be
created from propositions that use numbers as well as from those that
use words. You should be able to work with both kinds. You also need
4 to be able to interpret a proposition from symbolic notation into words,
and from words into symbolic notation.

Topic3Logic,setsandprobability _:' v 1 . K ,v ‘
sl -1- 45 L V4
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Worked example 9.2

p: x is a square number
q:x>4

(a) Express these compound statements
in symbols:

(i) xisnota square number

(ii) «xisa square number and x is
greater than 4

(iii) x is a square number or x is
greater than 4, but not both

(b) Express these compound statements
in words:

H)pvg (ii))=pAr—q (i) —pyvg
@ O -»

(i) prg

(i) pv4

(b) () xisasquare numberorxis
greater than 4.

(i) xisnot asquare number and x
is not greater than 4.

(iif) xis not a square number or x is
greaterthan 4, but not both.

!
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Exercise 9.2

1. The propositions p, g, and r are defined as follows:
p: Ken plays tennis.
q: The sun is shining.
r: It is hot.
Write these sentences in symbolic notation:
(a) Ken does not play tennis.
(b) It is hot, or Ken plays tennis, but not both.
(c¢) The sun is shining and it is hot.

(d) Itis not hot and the sun is shining.

. 'The propositions p, g and r are defined as follows:

L Y
N

p: x is a prime number.

